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Summary—A theoretical analysis of an antenna consisting of a 
perfectly conducting semi-infinite cone excited by a thin, linear ele- 
ment directed along its axis is presented. Two different methods are 
applied; one is a Green’s function method, and the other is a mode 
theory. By the former method, the radiation characteristics of very 
thin and wide-angle cones excited by a sinusoidal current element 
are obtained. In the latter method, the linear element at the tip is 
replaced by a finite cone resulting in a semi-infinite, biconical struc- 
ture. The variational principle is applied to determine the effective 
terminating admittance, and thus the input impedance, and the far- 
zone field. A guided wave which propagates longitudinally on the 
semi-infinite cone is identified and its properties are discussed. 


I. INTRODUCTION 
\ THEORETICAL analysis is made of an antenna 


consisting of a perfectly conducting semi-infinite 

cone excited at its tip by a thin, linear antenna. 
The physical configuration is illustrated in Fig. 1. The 
radiation and impedance properties of this structure 
are of practical interest in cases where a linear antenna 
is placed at the tip of a missile or aircraft, on the top of 
a hill or tower, or where a linear antenna is fed by a 
colinear, coaxial cable (a limiting case of zero cone 
angle). It is not easy to complete the analysis to the 
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Fig. 1—The semi-infinite conical antenna. 


point where numerical results are feasible for infinite 
cones of arbitrary cone angles; however, the work is | 


greatly simplified for wide-angle or very narrow-angle 
cones. In this paper the general solution is first obtained 
and then the cases of the narrow-angle and the wide- 
angle cones are considered in detail. A problem related 
to the one being considered here, the radiation from an 
axially-symmetric circumferential slot close to the tip 
of a semi-infinite perfectly conducting cone, has been 
treated by Bailin and Silver.! 


1L. L. Bailin and S. Silver, “Exterior electromagnetic boundary 


eet ee 


value problems for spheres and cones,” IRE TRANS. ON ANTENNAS _ 


AND PROPAGATION, vol, AP-H, pp. 5-16; January, 1956. 
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In Section I] the radiation characteristics of a thin, 
linear antenna placed at the tip of an semi-infinite cone 
are analyzed using a special Green’s function con- 
structed so that it vanishes on the surface of the cone. 
A sinusoidal current distribution is assumed for the 
thin, linear antenna. Consequently, in this formulation 
of the problem the conical surface is considered more as 
a boundary of the region of radiation than as an integral 
part of the antenna. The radiation resistance and far- 
zone field are derived for very narrow-angle and wide- 
angle cones. 

In Section III the linear element at the tip of the 
semi-infinite cone is replaced by a finite cone as shown 
in Fig. 6. The fields of this semi-infinite biconical an- 
-tenna are expressed in terms of appropriate summa- 

tions of characteristic wave functions. Then, using a 
variational method in a manner similar to that em- 
ployed by Tai’ in the biconical antenna problem, the 
input impedance and far-zone field are determined. The 
case of very narrow cone angles is treated in detail and 
numerical results are given for both the input im- 

_pedance and far-zone field. 
A guided wave which propagates longitudinally on 
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the semi-infinite conical surface is identified and its 


properties are discussed. 


A comparison is made between 


the power transmitted in this wave and the power in 


the radiation field. 


“Il. THE RADIATION FROM A THIN, LINEAR ANTENNA 
- AT THE TIP OF A PERFECTLY CONDUCTING CONE 


In this section the radiation from a thin linear an- 


-tenna placed at the tip 
infinite cone and direc 
axis of the cone is anal 


of a perfectly conducting semi- 
ted parallel to the symmetry 
yzed (see Fig. 1). The current 


distribution on the thin, linear antenna is assumed to 

be sinusoidal, and the boundary conditions at the sur- 
face of the cone are met by using a special Green’s 
_ function given by Felsen.’ 


A. General Formulation 


The electromagnetic 


field of a dipole positioned so 


that there is axial symmetry can be derived from a 
“single scalar potential. Let 7 be the position vector of 


r 


the dipole and 7 the position vector of the field point; 
then the axially symmetric solution of the inhomo- 


geneous equation 


(Vv? Sm BG, 7’) aaa i= Pi) 


~ with the conditions 


G is finite at 


0G : 
(= + 186) 0 aur Ps 
r 


G=0 at 6= fh, 


(1) 


r=", 


(2) 


2C. T. Tai, “Application of the variational principle to biconical 
antennas,” J. Appl. Phys., vol. 20, pp. 1076-1085; November, 1949. 
3. B. Felsen, “Back-scattering from wide angle and narrow an- 
gle cones,” J. Appl. Phys., vol. 26, pp. 138-151; February, 1955. 
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is given by the expression 
q P,(cos 6) P,(—cos 0 
G(r,r', 0) = me DE (2g. 1) ees ¢ 
rr 
é sin gx — P,(cos 00) 
dq 
X fa(Br<) hq (Br>), (3) 
where 
Folk eer r if r<r’ 
ve =e Ui / = ‘ J / 
fil ef aes fie Wet ate 


The j,(x) and h,@(x) are spherical Bessel functions 
defined as follows: 


Te (2) 
A o41/2(%), 


TX 


nO) 
Je), 


Ig (x) = 


fax) = 


and the g is determined from 


P,(cos 69) = 0. (4) 


The electromagnetic field of an electric current dipole 
Idr' (I is the current amplitude) at r’, &’ =0, is given in 
terms of the above Green’s function as 


= Idr’ 
dE(?, #’) = - VX VX il rG7,7)}, 
quer’ 
2 (5) 
es Idr 
dH (7, 7’) = —~V X fo 1G, 7)}, 


Yr 


where fp is a unit radial vector. 
For the far field, the following approximation can be 
made: 
1 Ge 


VX VX rolrG| ~ — 
r 0drd0 


[rG]6o, 


1 dh,(Br) 
B or 


= e Bret (m/2)q_ 


Consequently, the far-zone electric field of the linear 
current distribution is obtained by integrating (5) with 
respect to r’ over the whole current distribution. 


nlo e iBr : 
Eo(r, €) = — dS (2g + 1eM!95, (Bl) 
4 Tiagese 
P,(—cos 0) dP,(cos Ze 6) 
0 00 
sin gr — P,(cos 4) 
oq 
where 
1 t T(r’) £ 
S,(al) = — [> Jul8r')ar, (7) 
(Bl) Bias 72 Ja 


and 


nif 
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Introducing the approximate current distribution for 


the thin, linear antenna, 
[@’) =dosin BU —T ) (8) 


where Jy is a sinusoidal current amplitude, or the current 
at a point \/4 from the end of the antenna, 


Bl eos x 
Si sel f — jl) d 
% 0 


OTE Sine 
— cos pl : 
0 x 


Appendix I gives the result of the above integration in 
terms of spherical Bessel functions. When £/ is (a/2)z, 
i=1,2,---,S,(82) is given simply by 


AS) 
qq + 1) 


Using the orthogonality relationship 


80 
f sin 6 
0 
tae 
| —sin? 


The radiation resistance with reference to the input 
current is given by 


Fala) dx forges 0. (8) 


ee: (10) 


dP,(cos 6) AP,(cos 8) fs 
06 06 
r= q 
ae + 1)[ oP, OP, 
ae cial | dq Ox 4 z=cos 89, g=r. 


(11) 


TH sin? A 


~ oe 


| ae 
0q Ox z=cos 6 


B. Narrow-Angle Cones 


Sq(Bl) Pa — 


cos 6) \? 


dX aq + 1)(2¢ + 1) 


sin gr — P,(cos 6) 
oq 


(12) 


For a narrow-angle cone, 7.e., 9 ~7, the eigenvalue q 
satisfying (4) is approximately given by 


1 2 =| 
g= n+ ——_ + 04(In ) 
2 T — f 
2 In 
1 lee a A 
= De liege: (1S) 
and the following expressions are obtained: 
(ar = A)? 
1— 1) ———_—— 
P(—cos 60) go ord) 
ur. 3 FE =o 
sin Lie P,(cos 6) sin 2gz In es : 
q 
1 
ies Hee 6) = mr, (14) 
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1 5 
T — A 


oP, OP 
—sin? 0 ES —] ~2+0 (in 
0 z=cos 6y 


600 = 1. 


(15) 


Consequently the far-field and the radiation resistance ; 


for a narrow-angle cone are approximated by 
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: 
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Fe cet Aap natn 


nl e—ibr 
Eg(r, 0) = 
YS es A r q 
4 |n 
2 
(a — Oo)? 
(2g 1) eh he » ae 
«el (m/2)a 
sin 2g7 
dP, (cos 8) 
x S4(8l) ———— (16) — 
06 
e ™ g(q + 1)(2q + 1) 
‘a a aN eg sin? 297 
4 sin? 1 (in ) 
2 
(w — 6)2) 2 
fiat Tb sean. aT) 


A simplification is obtained, by considering the asymp- 


totic behavior when 6,—7. In these expressions g may — 


be replaced by the integer 7. 


1) Asymptotic Form for Sin BI¥0: 


— yh e7Br 
Bx(r,8) = —* “| (= 1)n + 
097 4 : ie eOU AS 
7) 
— sin @/ tan -| 86< 6 (18) 
nlo e 8 sin Bl 
es 6(<O) = © (19) 
Qa re 
n 1 
= =| ; > n(n + 1)(2n + 1I)S,2(6)) 
Goa arlesine Gre Sia. 


+ 21n 


5) 
(ae a (20) 


The electric field at 6=@o, the surface of the semi- 
infinite cone, and the radiation resistance diverge in 
the order of (7—60)— and (In 2/ma—@o), respectively, as 


9) approaches 7. Thus, infinite power is required to 


excit a finite current in the case of a vanishing cone 
angle and sin 8/0. 

The second term in (18) is the lowest-order term in 
the infinite series representation of Eg in (16); its sum- 
mation index approaches zero. A physical interpreta- 
tion of this term may be obtained by recalling that the 
lowest-order modes (the TEM modes) for the perfectly 
conducting biconical and cylindrical surfaces are the 
well-known guided waves, which propagate without 
attenuation. In the neighborhood of the transmission 
line these waves are guided along its surface and their 


_ 1960 


amplitudes are inversely proportional to the distance 


_ from the axis of the transmission line. The same prop- 


erties are described by the second term in (18) and 
(19); hence this term may be associated with a wave 
guided along the semi-infinite conical surface. It should 
be noted that this wave cannot be referred to as a sur- 
face wave, because surface waves, as they are cus- 
tomarily defined, have phase velocities less than the 
free-space phase velocity, and expressions for their field 


_ components contain a factor which gives an exponential 


decay in the direction normal to the guiding surface. 


2) Asymptotic Form for Sin. Bl=0, 7.e., l=74(d/2) 


(eee aly ee 
RL oone n+1 
E¢(r, 0) = ~ (1)? fn 
Pe, 4 Write mani; y 
(—1)"t : | 
oP, aa. Z 
_ 0<0 
300 2 ee eked) 
21n 
Dias 6 
nl eiBr 
~ Esa 
Ax(r — 6) \n teeta 
Wises 60 
Cae ee 0<0,) 22 
eg Nt = tan 3 
n(n + 1)” is é ‘ 22) 


The electric field at the surface of the cone diverges 


in the order of [(a7—6,)In 2/m —0)|— as 60 approaches 7}. 


this is a slower divergence than was encountered in 


the previous case. The electric field patterns have been 


calculated for ]=\/2, 6) = 179°; 179.9° and are plotted in 


Fig. 2. Despite the rapid increase in Ey near the surface 


of the cone, the power guided along the surface of the 


‘infinitely thin cone is zero in this case, so that there is 
no excitation of a transmission-line wave. A similar 


result is obtained for the asymmetrically fed linear 


antenna.* When one of the two linear elements is equal 


i to an integral number of half wavelengths, the current 
in the other element is a minimum. This phenomenon 


has also been noted by Butterfield’ in connection with 
antennas placed at the tips of missiles or aircraft. 
The radiation resistance referred to the input ter- 


‘minals is infinite because the assumed current is zero 


at these terminals when Bl/=c7. The difficulty can be 


_= 


overcome by referring the radiation resistance to the 


point of maximum current instead of the input ter- 


minals.. This definition of radiation resistance is fre- 


quently used for the very thin, linear antenna, where 


4. T. Tai, “Asymmetrically-Fed Antennas, ” Stanford Res. Inst., 


Menlo Park, Calif., Rept. No.2, SRI Project No. 188, Contract No. 


_ on ANTENNAS AND PROPAGATION, vol. AP-S, p. 143; January, 


AF 19(122)78; 1949. 
5 F. E. Butterfield, “Aircraft telemetry antenna,” IRE aa 
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7 —— Cone Angle 2(7-8,) = 2° 
(Relative Field Intensity Is 17.0 At 179°) 

Cone Angle 2( 7 -8,)=0.2° 
(Relative Field Intensity Is 115 Atl 179.) 


Ss oO (2) 


Relative Field Intensity 


ow 


8 In Degrees 


Fig. 2—Radiation patterns of thin, semi-infinite conical antennas. 


the same problem arises. Thus, 


0 
Ro ~ 7 Digg + 1(2q + YSPGx); 60 ~ 4 (23) 
q 
= — n 5) aa Ts 
tn Z @aeie 11 0 m. (24) 


This expression is identical with that obtained for a 
very thin, linear antenna with the same current dis- 
tribution. For example, Ro=73.13 ohms when 2=1. 
The result is not surprising, because both antennas have 
identical current distributions on the linear element, 
and the current on the semi-infinite cone is zero as 
6,7. Note that the current on the conical surface is 


2a(ar — 9%) 9 
Jj aia (rE4), 
wu or 


where Ep is given by (22). 


C. Wide-Angle Cones® 


In order to obtain the eigenvalues g for wide-angle 
cones in an approximate, but analytical form, Legendre 
function P,(cos 0) is represented by trigonometric func- 
tions in the neighborhood of 90°. When 4 is not too 
near 0 or m, and g>>1, P,(cos 0) can be expressed, 


approximately, by’ 
1 a 
COS: sd 1 65. 
Z + 


P,(cos 00) = 


6S, Adachi, “A Theoretical Analysis of Infinite Conical Antennas 
—Part II,” Antenna Lab., The Ohio State University Res. Founda- 
tion, Columbus, Rept. No. 622-32, prepared under contract DA 
36-039-sc-70174, U. S. Army Signal Res. and Dev. Lab., Fort Mon- 
mouth, N. J.; June, 1959. 

7S’ A. Schelkunoff, “Advanced Antenna Theory,” John Wiley and 
Sons, Inc., New York, N. Y., p. 45; 1952. 
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Solving (25) leads to eigenvalue is very useful in transforming (6) and (12) | 
into the forms for which numerical computation is | 


. aie: : 
ae a(n + 3) — 9 Sarge ea OS) Sagas that is, 
260 
P,(—cos 9.) 1 
It is found that (26) gives a fairly good approximation 9 eis Bo 
even for the eigenvalue corresponding to m=1, not- sin Lee P,(cos 4) 


withstanding that (25) has been approximated under 


the condition that g>>1; therefore, m>>1. It can be 
aP, oP, 


shown that (26) is valid for small values of ¢ also, if A ee E ee * 26 | ~ 
Og OX Jz—cos Th 


is near 90°. This simple, approximate expression for the 
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Fig. 3—The electric field patterns of the infinite wide-an i 
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: Introducing the above equations into (6) and (12) 
_ respectively, leads to 


3 qlee 
me Lio(7, 0) = — —— 2D eft*e(2q + 1)S, (81) 
oa 46, Le q 
0P,(cos 6) 

ppever ite 2 (27) 
; 00 
- q 
‘ Re ag 1) (29+ 1)S, (61)? (28) 
; 469 sin? Bl Gy 


le eg, S 
4 SSS SRR 
Z Me He RRR 
; WTAE . 
a 
: \) (3 / LET 
Z CASSEL SG 
FASS TI 002 
: HSK 
g SRR LOGE tee 
, ae 
4 ie 
d a @, S\ 
SUN 
| SSaeceeaeinul 
4 =Ee SS == N 
ee GINS ETHTN 
A SAHRA 
SSS ZHI ALLE 
WAR SRREA LTT SSS CSL LOY 
ASRS SSK OAL 
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It is found that (28) is equal to the infinite series 
term in (20), if and qg are replaced by 7 and 1, re- 
spectively. The far-zone field patterns have been cal- 
culated for /=\/4 and \/2; 6)=90°, 103.81°, 109.88°, 
and 115.50°. These are shown in Figs. 3 and 4. The 
radiation resistances of the infinite narrow- and wide- 
angle cones excited by a quarter-wavelength antenna 
have been calculated by using (20) and (28), respec- 
tively, and plotted in Fig. 5 by solid lines. When 4 
is equal to 7/2, i.e., in the case of the flat plane, the 
radiation resistance is a well-known value, 15 (In 
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i i he wide-angle infinite conical antennas, ]=2/2. (a) 60>=90°, (b) @0=103.81°, 
Fig. 4—The electric field patterns of the ae rie Done id) lis 5° 
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Fig. 5—The radiation resistance of the infinite conical 
antenna excited by a quarter-wavelength antenna. 


2a+c) =15 Cin 27=73.13/2. It is interesting to note 
that the radiation resistance of the wide-angle cone 
increases almost linearly with the increasing cone angle 
6. The expression for the wide-angle cone case (28) is 
valid in the region about 6)<$140°, while the equation 
for the very small-angle cone (20) is an asymptotic ex- 
pression. Considering the above facts it is reasonable 
to connect these two curves by the transition curve as 
shown by the broken line in Fig. 5. Thus the radiation 
resistance for an arbitrary cone angle can be estimated 
from this curve. 


Ill. THE RADIATION AND IMPEDANCE PROPERTIES OF A 
SEMI-INFINITE BICONICAL ANTENNA 


In this section a semi-infinite biconical antenna, as 
shown in Fig. 6, is analyzed as a boundary value prob- 
lem using mode theory. In region I, the electric and 
magnetic fields are represented as the sum of a principal 
(transmission-line) wave and an infinite number of 
complementary waves. In region II, the fields are repre- 
sented by an infinite series of complementary waves. 
Boundary conditions at the aperture and over the 
end surface of the finite cone are used to obtain a basic 
set of equations from which the amplitudes of the com- 
plementary waves and the effective terminating ad- 
mittance of the principal wave can be determined. The 
basic set of equations is then solved by a variational 
method used by Tai on the biconical antenna problem.? 
A stationary expression for the effective terminating 
admittance is derived and the amplitudes of the exterior 
complementary waves are determined. 
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Fig. 6—The semi-infinite biconical antenna. 


A. General Formulation 


The fields are assumed to be axially symmetric and 
transversely magnetic. The field components Ey! and 
Hin region I can be expressed as a sum of a principal 
wave and complementary waves. 


nto 
Est’ = ——— [KY;sin B(l — r) — j cos B(l — n)| 
2rr sin 0 
jn a. ju (Br) 00.(9) 
Se : (29) 
2ar', u(u+1) ju(62) 00 
Io 
H,! = ——— |sin B(l — r) — 7K Y; cos Bl — n)| 
2rr sin 8 
1 u a 00, 6 
4 a ju(Br) (@) (30) 
2xr , u(u+1) 7,(61) 06 


The field components Fy", Hy" in region II can be ex- 
pressed as a sum of complementary waves: 


aay ee by eC Se 
Qar og gig +1) he (Ry ae 
1 b h.@ 

Hae > a ta (6r) oP,(6) on 
Qar gC) eB) 06 


where the prime indicates the derivative with respect 
to the argument, and 
P.,(cos 04) 


1 
0, aria U ae Ch ar eae a 
(0) : E (cos 6) rarer ® 


Py(—cos 0 | > (33h 


The summation indexes « and g are solutions, re- 
spectively, of 


P,,(cos 61) Pu(—cos 00) = P.(cos 09) Pu(—cos 61) 
P,(cos.0o)'=20. 


(34) 
(35) 
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It should be noted here that 


[0.(0)|n, = 0. 
In (29) and (30) Jo, K, and Y; are constants defined 


= as follows: 
WAT ge ts 
Ih =j —=— LE (1, 0 
K K 5 0 ( ) )d0 
9 dé 
oe : 


= —] ( t uth t “) 3 
n {co an 6 
2 5 r = (36) 


ed in lar 


0 
LH s1(1, 6) 9. 


KY; ee 
VDJ 4, 


It is seen from (30) that J) may be interpreted as a 


_ current associated with the TEM wave at a point 


Wt 4 


_ i/4 from the end of the finite cone. K is the characteris- 


tic impedance of the biconical transmission line, and 
Y, is the effective terminating admittance for the 


_ principal wave. 


In (29) and (30) Jo and Y; are not independent; they 


; are related through the input current J(0) as follows: 


I(0) = I)(sin Bl — 7K Y, cos Bl), (7) 


which can be easily shown from (30). From (29) the 
input voltage is given by 


V(0) = V(J)(cos 61 + jK Y; sin Bl). (38) 

Therefore, the normalized input admittance is given by 

KY. = KY,cos Bl + 7 sin pl 
cos Bl + jK Y; sin fl 


Eqs. (29)—(32) satisfy the boundary conditions at the 


~ cone surfaces 9=0) and 6=6,, and the proper behavior 


of the fields at the input terminal. The three constants 


dis, b,, and Y; are determined by three remaining bound- 


ary conditions, i.e, the continuity of the tangential 
~ components of the electric and magnetic fields at the 


aperture and the vanishing of the tangential com- 
ponent of the electric field on the end surface of the 
upper cone. 

Now, let the aperture electric field be represented by 
E,(@), and let the constants a,, by and Vx be expressed 
in terms of E,(0) by introducing the boundary condi- 
tions just mentioned. Later £,(@) will be determined by 
a stationary property of Y; with respect to EXO). 

Introduction of the boundary condition for the tan- 
gential component of the electric field at the aperture 


. leads to 
Ee b E.(8) %<0<8 
ads ee yer 0) i ( 1 0 (40) 
Ql | gat) 0 O05 6 
a ey ee BO 
Qnlsind  Inl’s watt) » - 5 <6, (41) 
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(39) 
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where the notation is similar to that used by Tai,® i.e., 


P,/(6) = =" ie = 
A 2 
ha) 4a) se 

She (BD) ju(Gl) 


Multiplying both sides of (40) by P,’(@) sin 6 and in- 
tegrating with respect to @ from 0=0 to 0@=9, 


' ott) or a ) P,'(0) 
= a(9) P,’ (6) sin 6d8, 43 
: n Malaq 4 . ( ) 
where 
Se (tie oy 
If -—_ | P,/(@)|? sin 6d6 
Tenaga 
—sin?6)[0P, dP, 
= | . (44) 
2q aa 0g Ox cos 09 


The following equation is obtained in a similar manner: 


Eadie Peni ar 5 
Ay aa , a U 6 si 0 0, 4 
0 Veale Oy i \ ) 
where 
1 90 
Lu. = ————~ [0,,’(0) |? sin 6d0 
u(u + 1)J 6 
—1 [a 2 00, —] eos 00 (46) 
= = x — . 
Q2u+1 Ou 0% Neos 64 


Next, the continuity of the tangential component of 
the magnetic field at the aperture is expressed by 
—jKY ilo 1 Oi 


Onl sin'@ Ini mu u(u + 1) 
1 b 


o ~ Rl g(q-+ 1) 


On’ (4) 


6,5<0< 4%. (47) 


P,/(8) 
Substituting @,, b,, and I [from (36) | into (47) leads to 


Y, 60 
—— E,(0)d0 
27 sin @ J 4, 


; ©,'(0) 
u(u + eee 


80 
{ E,(8)®,/ (8) sin 6d9 


Nn u 6, 


=F P7'(@) 
aS 
Ute q(q + 1)M lag 


60 
f E,(0)P,/() sin 6d0. (48) 
61 


8 Tai, op. cit., p. 1077. 
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Multiplying both sides of (48) by £,.(8) sin 6, integrating 
with respect to 6 from 6=6; to 9=6, and then solving 
for Y, leads to 


| ” 1,(0)0,!(0) sin wi | 


64 


us ) 

a TUN gel eas 80 ? 

o) u(u + 1) | f F(a | 
6 


1 


60 2 
, E,(0)P4'(@) sin a | 
ing [fluro 


nia GQ4t+1)Milaq [fue] 


1 


This is a stationary expression for Y; with respect to 
variations of E,(@) about its correct value. Now, let 
E,(@) be expanded in the same form of complete orthog- 
onal series as that used for the electric field in region J, 
1.€., let 


: 1 
E.(6) = A | - —+)>) 4.0) | (50) 
sin 0 @ 
Introducing (50) into (49) leads to 
Y; =F V 10 = 2 DS, ayAy ole »S bp Melse 
As DB: ye YuvAwAr, (51) 


where the symbols are defined in the same manner as in 
Tai’s paper? 


it P?(61) 
Vio = ee i, eae 
ce 29q(q a 1)IqqM 
=Iy PaO Lag 
ay = Soe ae 
ae q TqqM (52) 
cs jn wut 1)lun 
Se eae Rea 
399 q(q i LT gl va 
Vu = You = ) 
Dani aes Legh a 
and where 
1 90 
La —- ©),,'(6) P4’(@) sin 6d0 
" gqgt te, : 


—sin? 0; | | 
= 1 ‘ Bs) 
(u — g)(u+q-+ 1) Ox J cos 0, ee 


Using the stationary property, 0Y,/0A,=0, one ob- 
tains the following equation for all of u: 


ly Ban “i 2 Vin = 0. (54) 


From (51) and (54), one obtains 
Y; = V0 + DS AA» (55) 


uU 
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Thus, the terminating admittance Y; can be obtained f 
by using (55), if (54) can be solved for the A,. It is not — 
easy, however, to solve (54) rigorously for the general © 
case. 


B. The Terminating Admittance for Narrow-Angle Cones | 


The approximate terminating admittance for a very © 
narrow-angle semi-infinite biconical antenna is ob- | 
tained in this section. The approximate ‘solution is © 
presented for the case where 6) and 6; are very near 
a and 0, respectively. 

When 6)~7, 6:~0, the parameter g can be deter- 
mined approximately from (13), and the parameter u 
from? 


m=0,1,2,---. (56) % 


For simplicity, the angles of both cones are assumed to 
be equal; 7.e., 61=7—@. Then, u is given by 


1 2 as 
u~m+—-+04(In—) t m= 0,1,2,---. GH 


In — : 
A; 


Now, consider Yu» in (52); the integrals [,,¢ and I,, have 


‘the following asymptotic expressions when the cone 


angles are very small: 


2 
= = Ijage if m=n=k 
on k 
Lug (58) 
6,0 1 
od +0, ifimAn. 
(m+ n+ 1)(m — n) SS 
1 
Consequently, 
2 = 
Yuw.= O| In—}) —-0 if uw A v, (59) 
1 


Due to the relation expressed in (59), A, in (54) can be 
obtained in the following simple form: 


—Ay 


Ae aes 
Bae Yuu 


(60) 


*S. Adachi, “A Theoretical Analysis of Infinite Conical Antennas 
—Part I,” Antenna Lab., The Ohio State University Res. Founda- 
tion, Columbus, Rept. No. 662-20, prepared under Contract DA 
36-039, sc-70174, U. S. Army Signal Res. and Dev. Lab., Fort 
Monmouth, N. J.; February, 1959. 
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In a similar way the following asymptotic expressions 
for Igq and J, are derived: 


DIN 2 
oa we o(1 -) 
eee ye ate 
: ii 
od a = Ln (61) 
I ee! o(1 : Ne 
ai = ¢ ato 
2 
a ———— = Ih LOK ike (62) 
2m +1 
~ Substituting (52), (58), (61), (62) into (60), 
2k+1 N 
(=a res : Pate o 3 32(63) 
— 2R(R+ 1) Me — Nx 
and 
2 Mo 
i (64) 
Ga2is Ne 


Introducing (63) and (64) into (55) yields 


2k+1 1 
k(k+1) Mi — Mi 


+> 


4nK? 2M, — No k 


By using the well-known Wronskian relation for Bessel 
functions, the above equation can be written in the 


~ form 


[ Pit ca 


n | A: 
Vy = 3 
4rK?L2 — j cot Bl 


1B 7A ja aie | 
es 


(2) 
seed a Fuvrn( HE (60 |, 
PO og conte + 1) 
6 7 2 
K= Eran Cot ain 
T , T 0; 


(66) 


The first term in the bracket of (66) is proportional to 
the characteristic impedance of the biconical transmis- 
sion line. On the other hand, the second term in the 


‘bracket is independent of the cone angle. It will be 


shown in Section III-C that the conductances of the 
first and second terms are associated with the trans- 
mission-line wave power and the usual radiation power, 
respectively. . 

The real part of the infinite summation in (66) con- 
verges very rapidly, but the imaginary part does not 
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converge rapidly enough to permit the numerical 
computation easily. By using the asymptotic expres- 
sion for Bessel functions of large order, (66) can be re- 
written in the following more rapidly convergent ex- 
pression (see Appendix IT): 


2 
UT) é T = 
Vie eee 
4a Kk? 2 aati cot Bl 2 k=1,2,-°- k(k + 1) 


9 2) 
: {28 + 1) Fer2(6D HO aall) — j =} | (67) 


From the viewpoint of determining the input im- 
pedance, the formulation of the problem given in this 
section is clearly superior to that in the previous sec- 
tion, where only the radiation resistance was deter- 
mined. The terminating admittance Y,;,=G;+jB; has 
been calculated for the cone angles 26;=2(m—Oo) =2°, 
0.5°, and 0.2°. The terminating conductance is plotted 
in Fig. 7 and the terminating susceptance is plotted in 
Fig. 8. The input impedance can be easily calculated 
by introducing Y, into (39). 
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Fig. 7—Terminating conductances of thin, semi- 
infinite biconical antennas. 
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Fig. 8—Terminating susceptances of thin, semi- 
infinite biconical antennas. 
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Figs. 9 and 10 show the input resistance and react- 
ance, respectively, for the cone angles given in the 
previous paragraph. Although similar in form to the 
input resistance and reactance curves for the biconical 


antenna, the curves for the semi-infinite biconical . ai i he T 7 
antenna are seen to be more sharply antiresonant with i = Ss ts a if oa rise 
larger maxima than occur for corresponding biconical | | 

antennas. Furthermore, it is interesting to note in 4 

Fig. 9 that the input resistance remains finite as B/ ap- I Bes 
proaches zero. In this limit, it is associated with the , ! 

guided term in the terminating admittance (66), and § 2 + 
the input resistance is equal to half the value of the £& 

characteristic impedance of the biconical transmission 3 

line. The nonvanishing input resistance in the limit of = “y 

zero 61 can be explained in the following manner. As 7 ae 

Bl approaches zero, the input resistance depends in- ee 

creasingly on the form of the current distribution on 04 

the semi-infinite cone, and less on the form of the current ae 

distribution on the finite cone of length /. Furthermore, 3 - 

as 1 becomes vanishingly small, the form of the current 0.2 epee: 2° 

distribution on the semi-infinite cone becomes in- 5 : : 

dependent of /. Despite the fact that the input resist- Mt 

ance is finite as 8] approaches zero, no generator power 0 0.5 1.0 15 20 4, 25 3.0 35 40 
peas in this limit, because the input reactance is Fig. 9—The input resistances of thin, semi-infinite biconical antennas. 


C. The Far-Zone Field for Narrow-Angle Cones 


In the preceding section the coefficient 6, has been 
expressed in terms of the aperture field E.(@) which is 
given by (50). By integrating (50) with respect to 0, the 
amplitude coefficient A is determined as 


EE aaa US eee (68) 


Introducing (50) and (68) into (43) and carrying out 
the indicated integration leads to 


—T 
Oia Pel Pg Oy utu . 
al (6:1) + g(q + 1) u A i (69) 


X In 1000 Ohm Units 


For a very narrow-angle biconical antenna the following 

simple expressions are obtained by a procedure similar | nea a) ue 
. . . | ; we “er 

to that used in the preceding section: Meg : 


2k+1 1 
(i — Io i 
2, M,— Ni; 
Rr D3 ass (70) 
If 
(gs ook seamen ; 
2M) — No -5 ea lites: 


Approximately, Fig. 10—The input reactances of thin, semi- 
infinite biconical antennas. 
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Fig. 11—Radiation patterns of thin semi-infinite biconical antennas. 


(a) p1=0.5, (b) Bl=1.5, (c) 61=3.0, (d) p1=3.5. 


Introducing (70) and (71) into (31) leads to the follow- 
ing expression for the far-zone field: 


nlo | 0 2 
n A 
2 (ho(Bl){ 27 + cot Bi} 


At r 


: ee le ee 
#+—>— Y CY oy hen 


2k + 1 OP; 
— 1)#/2 —--——._ j, (gl) —— |. 
(=) jul) =] 


ee k(k + 1) 


(Rae axty 


(72) 


Consider the limiting case as 6,0. For sin 6140, the 
second term in the brace can be neglected compared 
with the first term, and the field pattern becomes in- 
dependent of the cone angle as 6,0, in the same 
manner as (18) which was derived using a Green’s 
function. 

For sin 81=0, 81= 77, (72) is identical with (21) which 
was obtained by the use of a Green’s function. 

The field patterns of EZ," as computed from (72) are 
shown in Fig. 11 for B/=0.5, 1:5, 3.0,-3:5 and for-cone 
angles of 2° and 0.2°. It is seen that the patterns be- 
come less dependent on the cone angles as the length of 
the finite cone decreases. The patterns for the 2° cone 
angle in Fig. 11, together with the pattern for the 2° 
cone angle in Fig. 2, are replotted in Fig. 12 with the 
pattern maxima normalized to 100. In each case a 
sharp maximum in the pattern occurs at the conical 
surface; however, this maximum is least pronounced 
with respect to the rest of the pattern when 6/=7. This 
is in agreement with the results deduced from the 
asymptotic expressions for Es™ that a wave guided 
along the conical surface is excited when 6/77, but 
no guided wave is excited when 6/ = 71. 


le T i ae T T T 7 T 
Relative Field Intensity Is 100 At 179° 


- 2 Cone Angles 26,=2(1 -@) = 2° 
10}- * AS | 


Relative Field Intensity 


a] In Degrees 


Fig. 12—Normalized radiation patterns of thin, 
semi-infinite biconical antennas. 
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A maximum in the field pattern at the conical surface 
is also evident in the case where the semi-infinite cone 
is excited by an annular slot near its tip. However, for 
the 30° cone angle used in the calculations of Bailin 
and Silver, this maximum is reduced to the same order 
of magnitude as other maximum points in the pattern. 

The ratio of the power in the guided-wave (trans- 
mission-line) component to the power in the radiation 
field is of interest. This will be determined for the limit- 
ing case of 6,30. The total energy flux is 


ax—0 2 
P= a ‘| Eg |r? sin 640 
no 
ar—8. 
sos ss f a dar 6d6 
| 2 —j cot ell? 2 


2 eal 


ae Grae a)? ay i} Ae) sin} 
sa(ee) 


2 
8 In — 
n| Zo|? 6; 
de \4 + cot? Bl 
1 k+1 4 \ 
— pl —————. J Lp. 73 
a 5 B ee ME + 1) x41/2(B1) (73) 


Let the radiation resistance R, be defined in terms of 
Io, the current associated with the TEM wave at a 
point \/4 from the end of the biconical transmission 
line. 


yy 
8 In — 
ee et 
47 \4 + cot? Bl 
2k + 1 
k(k + 1) 


Noting that the radiated energy is entirely transmitted 
in the principal wave, it follows that R, is the real part 
of the principal wave impendance at a point \/4 from 
the termination of the biconical transmission line. Thus 
from the theory of transmission lines, 


Re — KG. 


De 


EMO oo 


Tv 2 
+76 Fea} (14) 


(75) 


This relationship provides a useful check between (74) 
and (66). Schelkunoff refers to K®G; as the inverse 
radiation resistance.’ Thus, with the discussion follow- 
ing (20) it is reasonable to associate the first term of 
(74) or (66) with the guided wave and the second term 
with the radiation field for very narrow-angle cones. 
The ratio of the first term to the second term, R,/R,, is 
plotted as a function of 8/ in Fig. 13. At the first reso- 
nance the ratio of guided wave power to radiation power 
for a cone angle of 2° is 12.3 db, and the ratio can be 
further increased by decreasing the cone angle or the 
length of the finite conical element. 
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Fig. 13—Ratios of guided wave power to radiation 
power for thin, semi-infinite biconical antennas. 


IV. CONCLUSIONS 


A theoretical analysis of the infinite conical antenna 
is carried out using two different formulations. In the 
first formulation a Green’s function is used which 
satisfies the boundary condition that it vanish on the 
surface of the cone. Expressions are obtained for the 
radiation resistance and far-zone field. In the second 
formulation a similar structure, the semi-infinite bi- 
conical antenna, is analyzed using mode theory and 
applying the variational method. Expressions are 
obtained for the far-zone field and the terminating ad- 


Ah 


November | 


i 


? 
i, 


mittance, from which the input impedance is readily | 


determined. Since it is not feasible to obtain numerical 
results for arbitrary cone angles, the special cases of 
narrow- and wide-angle cones are considered. 

A notable feature of the far-zone patterns is the sharp 
increase in the field in the vicinity of the conical surface, 
which depends not only on cone angle, 60, but also on 
the length of the linear exciting element. If the linear 
element does not equal an integral number of half 
wavelengths, there is a finite amount of power guided 
along the conical surface, and the behavior of the field 
in the vicinity of the cone is similar to that of the 
biconical transmission line. The excitation efficiency 
of this guided wave has been computed. It decreases 
with increasing cone angle, and it is a quite sensitive 
function of the length of the linear element. If the 
linear element is equal to an integral number of half 
wavelengths (the linear element is resonant) there is 
negligible power guided along the very thin cone. 

The input impedance of the semi-infinite biconical 
antenna in the vicinity of the first resonance is much 
less frequency sensitive then biconical or linear an- 
tennas of comparative thickness. This desirable broad- 
band property with regard to impedance improves 


with increasing cone angle. It is interesting to note that 


the semi-infinite biconical antenna is more sharply 
antiresonant than the corresponding biconical antenna. 
The fact that a guided wave is readily excited on a 


4 
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narrow cone suggests that it may have potential 
use as part of the primary feed for a surface wave struc- 
ture where efficient surface wave excitation is desired. 
This application merits further study in connection 
with surface wave geometries which are axially or 
radially cylindric or conical. 


APPENDIX | 
THE INTEGRALS S,(8/) 
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Using Lommel’s integral formula, one obtains 
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If Bl is (1/2) 7, 7=1,2,3 - - - , S, (Bl) is given simply by 


(79) 
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APPENDIX II 
THE SUMMATION OF AN INFINITE SERIES 


When & is large, or k>>6l, the following asymptotic 
expressions can be used: 


5 ; 1 B k+1/2 
we ( — 80 
win) ~ (4) (80) 
T(k+ 4) /2\'FHP 
Mela) = —“S FOV" wy 
T BL 
Therefore, for a large k 
1 
Fi41/2(Bl) Ni+12(6l) ~ — acres (82) 
and, since we have 
= 1, 83 
Piet se 
the following transformation can be made: 
oo 2k+1 
J 1) N. oc 
oe ey ED Nees e(BD Se 
{= See = 1) Joys (BD Neral], (84) 
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Electrical Performance of Rigid Ground Radomes* 
'-W. LAVRENCH}, MEMBER, IRE 


Summary—The main purpose of a radome is to protect an anten- 
na from the weather. Many designs of radomes can be evolved 
which will meet the mechanical requirements dictated by such 
factors as wind and snow load; however, these requirements are not 
sufficient. The radome must also have certain electrical character- 
istics in order that operation of the enclosed antennas is not de- 
graded. This paper summarizes the many electrical measurements 
made on rigid ground radomes to date at the National Research 
Council to study the effect of the radomes on the performance of 
radar antennas. 

Ground radomes made of thin single-skin, sandwich, and thick 
foam walls have been studied. Performance of single-skin radomes 
was found to be adequate for wavelengths of about ten centimeters 
and longer. In order to obtain maximum transmission, the skins 
must be thin and the panel joints must be small, few in number, 
and randomly spaced. Sandwich radomes provide a good design for 
wavelengths of five to ten centimeters. At wavelengths of three 
centimeters and shorter, the thick foam wall is believed to be the 
best solution, because in this construction joints between panels can 
be made practically invisible to the radiation. Transmission losses 
as low as one per cent have been measured. 


INTRODUCTION 
( es radomes are used over antennas to 


protect the latter from the elements and to 

simplify the problem of constant antenna rota- 
tion in gusty air. In order that the operation of the en- 
closed radar antenna will not be impaired, the radome 
must satisfy many electrical requirements. 

To ensure ease of transportation and erection, large 
rigid radomes almost invariably consist of many in- 
dividual sections or panels. This arrangement introduces 
the problem of joining the panels in some fashion. 
Some form of fastener is now required, and furthermore 
—for mechanical reasons—the edges of the panels are 
usually quite different from the rest of the panel. The 
ideal uniform wall mentioned previously has now be- 
come one with many discontinuities. These discon- 
tinuities, whether they be flanges, reinforced edges, or 
glue lines, are the largest source of trouble in a rigid 
radome, and can have quite serious effects on the 
performance of a radar antenna. 

Before considering various radome designs and their 
performance, it may be pertinent to list briefly the 
most important of the electrical characteristics that a 
radome must have. 


1) Transmission coefficient: In order to realize the 
maximum sensitivity (range) of which a radar is 
capable, the radome must introduce little or no 
loss in the transmitted or received energy. 
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2) Sidelobes: Power transmitted in the sidelobes is 


power wasted. Reception on a sidelobe will result — 


in spurious and misleading information. The ease 
with which a radar can be jammed~is. increased 
with increasing sidelobe amplitude. It follows, 
therefore, that the presence of a radome over the 
antenna must not result in an appreciable in- 
crease in sidelobe levels. 

3) Reflection: Reflections from the radome must be 
held to a minimum. If sizable reflections exist and 
vary in amplitude or phase as the radar antenna 
is rotated, the magnetron in some radars may be 
pulled in frequency, initiating possible AFC and 
MTI problems. 

4) Boresight error: This is also known as “pointing 
error” or “beam shift.” The bearing of a target is 
determined from the position of the antenna beam 
when maximum signal is received, or in the case of 
a split beam, when minimum signal is received. 
In either case, any shift produced in the position of 
the beam by the radome would lead to errors in 
determining the true bearing of the target. If the 
beamshift produced by a radome remained con- 
stant, or followed some other simple law, as the 
antenna rotated, suitable corrections could be 
applied; however, such is not usually the case. In 
practice it is found that the boresight error varies 
quite randomly in magnitude and direction for 
different positions of the antenna in the radome. 
This dictates that the beam shift produced by the 
radome should be very small, usually a fraction 
of a milliradian. 


The remainder of this paper will deal with tests 
carried out on radomes and portions of radomes to gain 
a better understanding of how the various ill effects of a 
radome on the performance of a radar are brought 
about, to determine their magnitudes, and to find what 
steps can be taken to reduce these effects. 


TRANSMISSION Loss 


Loss in transmission through a radome can be brought 
about in several ways: 


1) Attenuation in the radome wall because of use of 
lossy materials; 

2) Reflection of energy from the radome wall be- 
cause of a mismatch; 

3) Reflection or scatter of energy by the discon- 
tinuities in the radome wall such as ribs, flanges, 
and panel fasteners; 


1960 


4) Scatter of energy by the radome wall because of a 
nonuniform delay of phase of the incident wave 
front. - 


Attenuation caused by the use of a lossy material 


_ can be considered negligible since the materials that 


are normally employed either have a very low loss 
tangent, or are very thin in terms of wavelength. The 
skins in thin-walled radomes may range in thickness 
from 7g inch to } inch. Using a glass-cloth laminate 


with a dielectric constant of about 4, and operating 


at a wavelength of 10 centimeters (S band), the elec- 


trical thickness in question ranges from 4/32 to \/16. 
If a loss tangent of about 0.015 is assumed, the re- 
duction in field strength due to absorption varies from 


0.15 per cent to 0.3 per cent for the thicknesses being 


a he 


~ 


considered. Even when the thickness is increased to 
half a wavelength, the loss is only 2.4 per cent.! When 


this type of material is used in dielectric lenses, the 


thickness involved may be of the order of several wave- 
lengths, and absorption loss would certainly be signifi- 


ecant. 


Several types of construction can be used in the wall 
of the radome to minimize losses due to reflection. The 
first obvious type is the single-skin wall? of a thickness 


_ which is small in terms of wavelength. In this particular 


case, reflections from the first interface and the second 
interface are nearly equal in amplitude and opposite in 


phase, and the resultant total reflection is small. If the 


skin thickness is increased for mechanical reasons, the 


reflection loss increases to a maximum value dependent 


on the dielectric constant of the material. This occurs 
at a thickness of \/4. Further increases in skin thickness 
result in a reduced reflection loss. This loss eventually 
reaches zero when the panel is exactly one-half wave- 


length thick. The panel may be considered to be a 


half-wavelength transmission line coupling the load 
(free space) on one side to the generator on the other. 


~ In this manner the load impedance is transformed to an 


identical impendance on the input side of the panel and 


no reflections occur. Theoretical analysis shows that 


reflection loss varies periodically with increasing panel 
thickness. The maximum power loss occurs when the 
panel is an odd number of quarter-wavelengths thick 
and is equal to 

(479 


——- 100 per cent 
hear A)? 


where € is the dielectric constant of the material. Zero 
loss occurs when the panel is a multiple of a half wave- 


length, 


1W. M. Cady, M. B. Karelitz, and L. A. Turner, “Radar Scan- 
ners and Raisin ” McGraw-Hill Book Co., Inc., New York, N. Y., 


. 265-272; 1948. 
a Ibid., pp. 260-265 and pp. 354-360. 
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It is thus obvious that if a very thin wall is inade- 
quate for mechanical reasons, other thicknesses can be 
chosen which will also satisfy the electrical requirement 
of zero reflection. However, it usually turns out that the 
\/2 thickness calls for an excessive amount of material. 
For example, if a glass-cloth laminate (e=4) is con- 
sidered, it turns out that \/2 at S band is equal to one 
inch. It is evident why this solution is hardly every 
considered. 

If a thin skin is ruled out because of unsuitable 
physical properties and the \/2 wall because of exces- 
sive material, a satisfactory solution is still available. 
This is the sandwich construction.’ 

The typical sandwich consists of two thin, high- 
density skins (such as glass-cloth laminates) spaced by 
a low-density core. The core may be either a foam or a 
paper honeycomb.‘ In this design the reflection loss can 
be reduced to zero by use of the correct core thickness. 
The core thickness required for maximum transmission 
depends upon the skins used. This can be calculated 
theoretically; however, with the thin skins normally 
used there is some uncertainty as to the actual dielectric 
constant of the material. It is therefore advisable to 
make laboratory tests on sample sandwiches to verify 
that an optimum sandwich has indeed been designed 
for the materials in question. 

Most of the early rigid ground radomes were of the 
single-skin variety, as shown in Fig. 1. This radome 
consists of many individual panels with a membrane 
of the order of 3g inch. The panels are held together 
by bolting the flanges, which are molded to the mem- 
brane. In this particular design, the flanges were about 
3 inches in radial depth, and about 3%; inch thick, mak- 
ing the total joint about ? inch thick. 


Fig. 1—Typical thin-skin radome. 


3 Thid., pp. 272-285 and pp. 360-365. i 

4 J. A. Simpson, “Development of 55-foot diameter honeycomb 
sandwich radome,” Proc. OSU-WADC Radome Symp., vol. 1, pp. 
460-482; June, 1958. 
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Radomes of this size (31-foot major diameter) and 
smaller, have been tested over various antennas by 
handling them with a crane,® as shown in Fig. 2. The 
usual procedure is to measure the antenna pattern 
without the radome, set the radome down, then repeat 
the measurements. The two patterns can be taken on 
the same sheet of paper and an immediate evaluation 
of the effect of the radome on the transmission can be 
made. 

Using the theoretical expression for reflection loss, it 
can be shown that when a glass-laminate wall (e=4) is 


used at S band, the reductions in transmitted field © 


strength to be expected are about 1 per cent, 4 per cent, 
and 12 per cent for wall thicknesses of 7 inch, ¢ inch, 
and + inch, respectively. 

A typical pattern obtained with the radome in Fig. 1 
is shown in Fig. 3. The loss on the peak is 6 per cent. As 
was the case with many other tests, the actual measured 
loss is higher than that predicted on the basis of panel 
reflection alone. The source of this increased loss is the 
scatter of energy by the panel flanges. This can be seen 
in the modified sidelobe structure. 

This brings us to the third source of loss. Since the 
flanges on the panel edges constitute a marked discon- 
tinuity in the radome wall, some distortion in the 
radiated wavefront is to be expected. The effect of this 
distortion on the far-field radiation patterns may be 
examined in several ways. 

One procedure followed at Ohio State University® has 
been to find the equivalent induced currents on a sample 
rib, then calculate the pattern obtained when many 
such ribs are illuminated by the antenna in the radome. 
This procedure predicts a secondary radiation pattern 
which must be superimposed on the radiation pattern 
of the undisturbed antenna. This secondary pattern is, 
in general, a scatter pattern with no “main beam.” The 
amplitude of the main beam from the antenna is re- 
duced by the addition of the secondary pattern. 

Another approach that can be used is to consider 
the discontinuities as blocking agents. This, of course, 
reduces the energy available on the peak of the main 
beam. This point of view is quite useful when consider- 
ing such items as panel fasteners (sometimes known as 
locks) molded inside sandwich panels. It has been 
verified experimentally that for discontinuities such as 
locks which are of the order of a wavelength or larger 
in size, a very close estimate of the reduction in trans- 
mission can be made simply by calculating the per- 
centage of the area in front of the antenna that is 
blocked. In other words, 


’W. Lavrench, “Microwave transmission tests on large rigid 
radomes,” Proc. OSU-WADC Radome Symp., vol. 1, pp. 359-377; 
June, 1957. 

6 P. D. Kennedy, J. R. Baechle, and S. Chen, “Electrical effects 
of the ribs of large radomes,” Proc. OSU-WADC Radome Symp., vol. 
1, pp. 483-489; June, 1958. 
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Fig. 3—Radiation pattern of an S-band antenna 
in the radome of Fig. 1. 


where 


Ey =the undisturbed field strength on the main beam, 
E=the field strength with scatterers in front of the 
antenna, 
a=the total area occupied by the scatterers, and 
A =the antenna aperture area. 


Detailed discussion of the effect of the flanges on trans- 
mission loss will be left until sidelobes have been dis- 
cussed, since the two are very closely tied together. 
The fourth source of reduction in transmission is a 
distortion of the wavefront by the radome wall. A 
radome wall can be designed to produce negligible re- 
flection loss and can still exhibit a reduction of field 
strength on the peak of the main beam simply because 


of phase errors. Mathematical analysis of such a case - 


will show the existence of scattered energy which of 
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course must come from the main beam. Again, ex- 
amples will be left until after the discussion of sidelobes. 


SIDELOBES 


The presence of discontinuities such as flanges and 
_ ribs in a radome wall leads to scattering of energy which 
not only reduces the amount of power in the main beam, 
as mentioned above, but also changes the sidelobe 
_ structure of the antenna in question. It has been found 
_ experimentally that for a given number of ribs in front 
of the antenna, the reduction in transmission is prac- 
tically independent of the orientation of the ribs. This 
is so since the amount of scattered energy is the same, 
to a first approximation. The behavior of sidelobe 
_ structure, however, is quite closely connected with the 
orientation of the ribs. When the ribs or flanges are 
placed in a uniform fashion (parallel and equidistant), 
the scatter from the ribs adds at certain angles to pro- 
duce definite sidelobes. If the ribs are placed at ran- 
dom, the scattered energy does not form distinct side- 
lobes but tends to smear the existing antenna sidelobes. 
It will be appreciated that some of the scatter sidelobes 
may be out of phase with an antenna lobe, thereby 
- reducing the latter in size. The converse is just as apt 
to happen—an antenna sidelobe can be increased. This 
can be seen in Fig. 3. It may be thought that this scatter 
of energy could be avoided by covering the flanges 
with absorbing material. This, of course, is a fallacy, 
since such a procedure produces “holes” in the aperture 
distribution of the antenna, and theoretical analysis 
shows that new sidelobes will still be formed. 

If we assume constant amplitude and equiphase 
distribution across an aperture which is blocked by 
equidistant strips as shown in Fig. 4, it can be shown 
that the pattern of the antenna can be given by 


for n odd, 


. (n—1) /2 
20 =e = 2041 + 2 >. cos ish 


l=1 


} n/2 1 
2a a — 2b {2 > cos ¢ = a for n even, 


l=1 


where 
27a. . 
= — sin 6, 
and 
2rd . : 
= — sin @. 
ON 


- These expressions indicate a loss on the peak of the 
main beam of n(b/a)-100 per cent, and new sidelobes, 
the largest of which are n(b/a) -100 per cent of the main 
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Fig. 4—Aperture blocked by x strips. 


undisturbed beam and which are separated by an angle 


6 = sin (A/d) 
> d/d. 


This has been verified experimentally. A fourteen-foot 
wide S-band antenna was used. Three 6-inch strips on 
the antenna were covered with absorbing material, 
one in the center and one 5 feet each side of center, to 
produce three gaps in the aperture distribution. Fig. 5 
shows radiation patterns obtained with and without 
the absorbing material on the antenna. It is evident that 
sizable sidelobes are produced. Calculations indicate 
that the loss on the main beam and the size of the 
new sidelobes should be about 11 per cent of the main 
undisturbed beam. The patterns show that these items 
run around 12 per cent. 

Fig. 6 shows patterns obtained with a different ar- 
rangement of the same absorbing material. In this 
case the three discontinuities did not form a periodic 
structure and no new distinct sidelobes were produced. 
However, the loss on the peak of the main beam re- 
mains about the same. This is to be expected since the 
same amount of antenna is blocked. 

Antenna patterns were taken with and without the 
radome over the antenna. Symmetrical and asym- 
metrical ribs were tested in turn. It was found that the 
reduction of the main beam amplitude was the same in 
both cases, but the sidelobe structure was vastly dif- 
ferent, as shown in Figs. 7 and 8. 

To study the variation of loss and sidelobes with 
radial depth of the ribs, simulated ribs consisting ol 
three glass-cloth laminate strips 7 inch thick and of 
various widths, were tested in front of a fourteen-foot 
S-band antenna. The strips were placed so that prop- 
agation was parallel to the wide dimension of the strips, 
as would be the case in a radome. The results are 
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Fig. 5—Radiation patterns with and without three symmetrical 
absorbing strips in front of an antenna. 
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Fig. 6—Radiation patterns with and without three asymmetrical 
absorbing strips in front of an antenna. 
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Fig. 7—Radiation patterns with and without symmetrical radome 
flanges in front of an antenna. Main beam taken as 100 per cent. 
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Fig. 8—Radiation patterns with and without asymmetrical radome 
flanges in front of an antenna. Main beam taken as 100 per cent. 


plotted in Fig. 9. Amplitude of sidelobes has been 
plotted as a percentage of main beam amplitude. It can 
be seen that the scatter sidelobes grow in almost a 
linear fashion with increase in radial depth of the strips. 

In order to check the variation of loss with the 
number of ribs in front of an antenna, a different ex- 
periment was performed. Strips of 1 inch X2 inch wood, 
covered with metal foil, were placed in front of an 
antenna to simulate radome ribs. Antenna patterns 
were plotted with different numbers of strips in front. 
In all cases the total antenna aperture was equally 
divided by the strips in use. A summary of these tests 
appears in Fig. 10. The reduction in field strength is 
about proportional to the total number of ribs in front 
of the antenna, and the scatter sidelobes increase in 
amplitude with increase in number of ribs. 


METAL FLANGES 


Larger radomes of the space-frame variety call for 
stronger and therefore larger flanges. One solution could 
be the use of metal flanges’ to produce the space frame, 
and a dielectric membrane to complete the surface of 
the radome. Acting on a suggestion from Lincoln Lab- 
oratory of the Massachusetts Institute of Technology, 
metal flanges were tested by covering the existing 
flanges in a radome with metalized tape. In a typical 
case (see Fig. 11), very little difference in transmission 
was noted with the flanges covered or uncovered, which 
indicated that for the particular radome used the 
flanges could be of either metal or glass-cloth laminate. 
Metal ribs should prove superior electrically, since for 
a given mechanical strength they can be smaller than 
glass-cloth laminate flanges. The conclusions to be 
drawn from the various tests described are that for 
best electrical performance, the flanges in a radome 
should be small in cross section and few in number for 
low attenuation, and irregularly spaced to avoid 
prominent scatter sidelobes. 


7 A, Cohen, P. Davis, S. C, Nilo, and J. F. Orabona, “A 150-foot 
metal space-frame radome,” Proc. OSU-WADC Radome Symp., vol. 
1, pp. 343-358; June, 1957. 
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Fig. 9—Amplitude of scatter sidelobes produced by dielectric ribs 
of various radial depth. Main beam taken as 100 per cent. 
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Fig. 10—Variation of scatter sidelobe amplitude and transmission 
loss caused by various numbers of ribs. Main beam taken as 100 


per cent. 


PANEL FASTENERS 


When the sandwich type of radome with its em- 
bedded locks was under consideration, some measure- 
ments were made to evaluate the effect of the locks. 
The Simmons lock, as supplied by the manufacturer, 
is encased in metal. It seemed desirable to remove as 
much of the metal as possible without impairing the 
mechanical strength of the lock. With this in mind, 
several panels were made for test purposes wherein 
the lock had a reduced amount of metal. Transmission 
tests made through the panels as received, and also 
with metal foil covering the locks to simulate the orig- 


inal locks, showed that there was no difference in per- 
for scatterers of this 
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Fig. 11—Metal tape on radome flanges. 


size it matters little whether the locks are embedded in 
a dielectric (to strengthen the bond to the rest of the 
panel) or metal. 

A further test was made to check the magnitude of 
the effect of the locks. In this test an experimental 
foam radome (to be described later) was used as a sup- 
port for simulated locks. The performance of the radome 
itself had been found previously to be excellent at 
3000 mc; therefore its effect in this particular test 
could be taken as nil. The locks were simulated by 
cutting pieces of cardboard of the same cross section as 
the locks, and covering them with metal foil. These 
“locks” were then stapled to long narrow strips of thin 
plastic and these strips of plastic were in turn tacked to 
the inside surface of the foam radome. The strips were 
placed in such a fashion as to duplicate the lock ar- 
rangement of a radome design being considered at that 
time. Antenna patterns were taken with and without 
the “locks” on the radome wall. Since the plastic strips 
were held on only by a few thumb tacks they could be 
removed rapidly and the two patterns taken very 
quickly. The results of several such tests showed that 
the reduction in field strength of the transmitted 
signal was practically equal to the percentage of the 
aperture area that was blocked by the “locks.” The 
locks in this case were irregular in shape, with maximum 
and minimum dimensions of 7.5 and 4 inches. 

Similar tests have been carried out elsewhere® and 
have also demonstrated that when the size of scatterers 
is of the order of a wavelength or more, the reduction in 
signal can be very closely approximated by calculating 
the area that is blocked by the scatterers. No attempt 
has been made to study the effect of panel bolts on the 
performance of a radome; however, since the area 
blocked by the bolts is so small, the effect would be 
extremely small. 

The remaining source of transmission loss and side- 
lobe deterioration to be mentioned is the distortion of 
the phase front by a radome wall whose electrical thick- 
ness is nonuniform. This effect became evident when 
attention was turned to a thick foam wall. 


8 J. Vaccaro, Rome Air Dev. Center, Rome, N. Y., private com- 
munication. 


554 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


November 


TABLE I ; 


Loss IN TRANSMISSION WITH VARIOUS ANTENNA/RADOME COMBINATIONS 
(ALL Tests AT S BAND) 


Antenna FPS-14 MPS-501 FPS-502 ASR-3 
De a ae Ue ae 1217 feet 2X14 feet 4X21 feet 9X9 feet 
adome Se ne ae tN 
i i i — 8 per cent — — 
Frame: 31-foot diameter, 9-foot triangular panels with 
P ea x 3-inch flanges and membrane about 7g inch to ¢ inch. 
2) Space Frame, shown in Fig. 1: 31-foot diameter, hexagonal and 7 per cent 6 per cent — tre 
pentagonal panels with 33;-inch X3-inch flanges and 7g-inch or 
thinner membrane. 
3) Stressed Skin, shown in Fig. 2: 26-foot diameter, 4-foot X 8-foot 7 per cent = 10 per cent 6 per cent 
panels with 4-inch X 14-inch flanges and a 34-inch membrane. ke 
4) Stressed Skin: essentially identical with radome 3) except for a 6 per cent —_ — — 
wall thickness of 5 inch. ; | 


Table I summarizes the results obtained in trans- 
mission tests with various S-band antennas in several 
different radomes. It is not surprising to note that dif- 
ferent radomes produce different losses with a given 
antenna. This is so because of the geometry of the 
flanges and the thickness of the membrane. The interest- 
ing point to note is that a given radome has different 
effects on different antennas. 

As indicated in Table I, the lowest transmission loss 
obtained at S band was 6 per cent. The operation of 
these radomes at X band was much poorer. In order to 
increase the transmission, reduce the sidelobe effect, 
and permit the use of a radome at X band, a new wall 
design was studied. This design consisted of a thick 
wall made of blocks or panels.® The use of a thick wall 
would permit simple glued V or tongue-and-groove 
joints, thereby reducing the amount of discontinuity 
at the edges of the panels. In order to use thick walls 
and keep down the cost and weight of the radome it 
was decided to use a foam material. The most readily 
available material at the time was foamed polystyrene, 
and as a result the first foam radome was made of ex- 
panded Dylite beads. The density was of the order of 
2.5 pounds per cubic foot, and the panels were about 3 
feet by 4 feet by 4 inches thick. This radome is shown 
in Fig. 12. Both sides of the panels were covered with a 
single layer of glass cloth. It must be pointed out that 
this type of construction falls into none of the types 
previously outlined. Even though it is basically a 
sandwich, the skins are so thin in terms of wavelength 
(S band) that the reflection from each skin is very small. 
Because of this, electrical effects were neglected and the 
thickness of the core was based entirely on mechanical 
considerations. In order to increase the usefulness of 
the radome for test purposes, the panels were assembled 
in three different ways. One-third of the radome was 


9W. Lavrench, “Electrical and mechanical tests on a 26-foot 
foam radome,” Proc, OSU-WADC Radome Symp., vol. 1, pp. 523- 
538; June, 1958. 


Fig. 12—Expanded Dylite foam radome. 


joined with a high-density glue (approximately 70 
pounds per cubic foot); another third with a medium 
density glue (25 pounds per cubic foot) ; and the remain- 
ing third was assembled by bonding 2-inch strips of 
glass cloth on the inside and outside of joints. This 
procedure was possible because any antenna usually 
looks through less than one-third of the radome’s cir- 
cumference at any given time. 

Results at S band were very good. As can be seen in 
a typical pattern (Fig. 13), the loss in transmission is 
1 per cent, with negligible effect on the sidelobe struc- 
ture. The transmission loss was found to be 2 per cent, 
1 per cent, and 1 per cent for the portions with high- 
density glue, medium-density glue, and taped joints, 
respectively. 

Tests at X band® showed the transmission loss to be 
about 8 per cent (see Fig. 14). Small scatter sidelobes 
are evident. At first these were considered to be caused 
by the glue line at the joint and the extra glass-cloth 
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Fig. 13—Transmission test of foam radome at S band. 
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Fig. 14—Transmission test of foam radome at X band. 
_ tape, but later tests showed a new source of trouble at 
eX band. . 

Additional panels were obtained to study the effect 
of the joints at X band. The new panels were assembled 
in front of an antenna with no glue at the joints, and it 
was found that the sidelobes and loss were now much 
larger than those produced by the radome (see Fig. 15). 

Extensive tests disclosed that if the skins on the panels 


were removed and the panels allowed to age, this effect’ 


_ disappeared. Measurements of the insertion phase 
~ delay produced by the panels at X band showed that the 
_ phase delay varied considerably over the panel surface 
~ even though the physical thickness was quite uniform. 
’ A typical set of measurements is shown in Fig. 16. A 
wall formed from panels of this type would show a 
periodic variation in phase delay; hence the production 
of scatter lobes. The scattered energy results in a re- 

duction in the main beam. When the skins were removed 
and the phase measurements made from day to day, it 
~ was found that the path lengths through the central 
portions of the panels diminished slowly until the elec- 
trical thickness of the entire panel was uniform to within 
two to three degrees. It appears that the panels had 
entrapped water vapor near the central portion which 
taised the dielectric constant. This water vapor orig- 
inated during the process of manufacutring the panels. 
~ When the skins were removed, the water vapor escaped. 
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Fig. 15—Transmission tests at X band through foam blocks 
of the type used in the radome of Fig. 12. 


Fig. 16—Variation of insertion phase delay in 
degrees over a sample foam block. 


FOAMED JOINTS 


In order to reduce the effect of the glue line in a foam 
radome, studies were made on the possibility of foaming 
a joint between two foam panels. Foam panels with a 
density of 4 pounds per cubic foot were cut into sections 
about 12 inches wide and then joined with a new foam 
mixture. The same type of foam was used and differ- 
ent densities were tested. The density of the foamed- 
in-place joints ranged from 4 to 12 pounds per cubic 
foot (see Fig. 17). The foam joints were placed much 
closer together than would be the case in a full-sized 
radome. This was done in order to exaggerate the effect 
of the joints. In actual practice, such joints are ex- 
pected to be of the order of four to five feet apart, hence 
scatter sidelobes and loss can be estimated by dividing 
the measured values by four or five. 
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The worst case occurred when the 12-pound foam was 
used in the joint. Fig. 18 is a sample of the results ob- 
tained. The sidelobes are very large; however, in prac- 
tice, with a five-foot panel they would be about one- 
fifth this size, which would make them of the same 
order as the sidelobes of the antenna. Lower density 
joints gave still better performance. It thus appears 
that a foamed-in-place joint should be quite satisfac- 
tory electrically. 

If an antenna having a maximum sidelobe of —26 db 
is used in a radome made of 4 pounds per cubic foot 
foam, it is estimated that joints spaced four feet apart 
can vary in density from about three to five pounds 
per cubic foot for a rise in the sidelobe not greater than 
1 db. If a 2-db rise in sidelobe is permissible, the joint 
density can be between 2 and 6 pounds per cubic foot. 
These two cases would correspond to scatter sidelobes 
of about —42 and —38 db. Loss due to scatter would be 
of the order of 1 per cent. 

A comparison between a glued joint and a foamed- 
in-place joint is shown in Fig. 19. In both cases, 4-pound 
foam was used in the joint. In one case the joint was 
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Fig. 17—Foamed joints in foam panel. 
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Fig. 18—Transmission through 4 i 
pound per cubic foot 
panel with 12 pound per cubic foot joints, 
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foamed as shown in Fig. 17, and in the other, wedges 
were cut from the same blocks that were to be joined 


and then cemented in place as shown in Fig. 20. The | 


superiority of the foamed joint is evident. 


CHANGES IN ANTENNA VOLTAGE STANDING WAVE 
RATIO CAUSED BY REFLECTIONS 


Reflections from the radome wall not only reduce 
the useful transmitted energy but may also adversely 
affect the operation of the enclosed antenna. Reflections 


picked up by the antenna are fed down the cable or 
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Fig. 19—Comparison of (top) glued and (bottom) foamed joints. 
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Fig. 20—Foam wedges glued between foam panel sections. 


Anns tentpete OG aang ree Ne a ID 


re ee ee on a 


eh 


1960 4 


waveguide to the transmitter. The resultant voltage 
standing wave ratio (VSWR) can be measured in sev- 
eral ways. A slotted line can be inserted in the trans- 
‘mission line or waveguide which feeds the antenna and 
the VSWR checked for the case of no radome and also 
‘with the radomie over the antenna. This method of 
measurement has two disadvantages. First, since the 
VSWR is likely to vary with radome-antenna orienta- 
tion, many separate readings must be taken, and even 
then important spots may still be missed. Second, for 
Benall variations in VSWR near the matched condition 
“(VSWR= 1) the method is not very sensitive. The 
‘procedure adopted here was to insert a directional cou- 
plier in the transmission line and to record onachart the 
z reflected energy, while either the antenna or the radome 
_was being rotated. The directional coupler is made ideal 
by matching it with a sliding screw tuner when a flat 
load is connected in place of the antenna feed. The 
tuner is adjusted for zero reflected signal. The complete 
system is calibrated by placing a short circuit at the 
end of the transmission line to give a known reflection. 
A typical plot is shown in Fig. 21; this was obtained 
with a 12-foot by 17-foot S-band antenna in a 26-foot 
thin-skin radome. It can be seen that once the calibra- 
tion has been performed, the gain of the system can be 
increased by a known amount so that full-scale deflec- 
tion is not equal to a reflection coefficient of unity, but 
something much smaller. In this case, the gain has 
been increased by 10 db to make full-scale equal to a 
reflection coefficient of 0.316. In this manner the re- 
_-corder is capable of detecting extremely small varia- 
tions in VSWR. 
-netron is used as the transmitter. An example of this 
occurred when the radome of Fig. 2 was used over a 
 9-foot by 9-foot S-band antenna. The radome was 
* placed over the antenna, which was installed on a 
_ tower. The original design of the tower dictated that the 
~ center of the antenna be located on the major diameter 
Hof the radome and three to four feet from the vertical 
center. When the antenna was rotated, rapid fluctua- 
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Reflections cause frequency pulling where a mag- 
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Fig. 21—Variation of radome reflection with antenna rotation. 


{2-foot X17- foot S-band antenna in a 


26-foot thin-skin radome. 
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occurred when the antenna was looking at the nearest 
and furthest points of the radome. In these cases the 
radome wall was largely normal to the direction of 
propagation. The rapid variations in reflection resulted 
in magnetron pulling of such an order that the use of an 
echo box was impossible while the antenna was rotat- 
ing. Further, it was stated by the radar operators that 
MTI operation was affected. 

The solution to this particular problem was to elevate 
the antenna by three feet to avoid hitting the radome 
wall at normal incidence. This proved quite effective. 
It must be remembered that this sort of solution would 
be impossible in cases where very large antennas are 
used and antenna-radome clearances are small. However, 


it has been found that variations in VSWR are smaller 


for antennas which are larger relative to the radome. 


BoORESIGHT TESTS 


This laboratory has been involved in the design and 
testing of ground radomes for three or four years, but 
boresight measurements have been undertaken only 
within the past year, and to date boresight information 
has been obtained for only one antenna-radome com- 
bination. The radome tested was a 55-foot paper 
honeycomb sandwich designed for use at S band. A 
radome of this size is difficult to handle with a crane; 
therefore, a special test site was erected. The test stand 
consists of two platforms resting on individual footings. 
A stationary circular central platform supports the 
antenna. Surrounding this platform is an annular plat- 
form which rides on a circular track. The radome is 
erected over three metal supports on the annular plat- 
form. The supports are spaced 120° apart. After the 
radome has been completely assembled, it is blocked 
up so that a large part of its weight rides on the sup- 
ports. Following this, one-third of the radome is re- 
moved to provide a window, as shown in Fig. 22. The 
radome can now be rotated about the antenna in 
order to made various measurements “with and with- 
out” the radome. 


Fig. 22—Boresight tests on CW-423 radome over 
an AN/FPS-6 antenna. 
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The antenna used in this test was part of a single- 
beam height-finder radar. In order to facilitate bore- 
sight measurements, the feed in the antennas was 
modified to produce a split beam to simulate an ampli- 
tude-comparison monopulse system. The signals re- 
ceived by the two separate horns at the feed were de- 
tected and subtracted to produce a null axis. An up- 
ward shift of the beam produces an error signal of one 
polarity and a downward shift of the beam produces an 
error signal of opposite polarity. The error signal drives 
a recording pen. The entire system is first calibrated by 
nulling the antenna under test on the transmitting 
antenna while looking through the open section of the 
radome. The distant transmitting antenna is then 
moved known amounts on a linear track to position 
the recording pen at various spots on the chart. The 
transmitting antenna is then returned to the null posi- 
tion and locked. Subsequent rotation of the radome 
shifts the antenna beam and produces error signals. 
These are plotted on a chart whose rotation is linked 
to the rotation of the radome. 

Boresight errors have been measured for both the 
vertical and horizontal planes, and typical results are 
shown in Figs. 23 and 24. In the vertical plane, large 
boresight errors can be noted when each of the three 
metal supports passes in front of the antenna. The re- 
- mainder of the pattern shows the errors produced by 
the radome wall. It will be noted that there is a negligi- 
ble variation in the beam position between 40° and 
120°, and between 310° and 30°, in Figs. 23 and 24 
respectively. In these angular intervals the open sec- 
tion of the radome passes by. The maximum boresight 
shift in the vertical is ¢ milliradian, and in the horizon- 
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Fig. 23—Vertical beamshift. Antenna and radome of 
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Fig. 24—Horizontal beamshift. Antenna and radome of Fig. 22. 


tal, 2 milliradians. The horizontal shift was measured 


by replacing the feed with a pair of horns to provide a — 


split beam in the horizontal plane. 

The explanation for the difference in boresight error 
is thought to be as follows. Near the equator of the 
radome where the maximum radiation from the an- 
tenna is incident, the panel joints are spaced about six 
feet apart. The antenna is 7.5 feet wide. Therefore, at 
any one time, there is only one joint in front-.of the an- 
tenna in the horizontal dimension, and as this joint 
moves across the antenna aperture a sizable boresight 
error occurs. On the other hand, the antenna is 30 feet 
high, and thus the vertical dimension of the antenna 
sees several joints at any one time. The errors produced 
would thus tend to cancel. 


CONCLUSIONS 


It is certainly no surprise that the behavior of a 
radome is different at different frequencies, but an 
important point to note is that the same radome will 
have different effects on various antennas operating on 
the same frequency. This is particularly true for ra- 
domes with discontinuities in the walls. The resultant 
transmission coefficient and sidelobe effect is closely 
tied to the radome-antenna geometry. This comes 
about because the antenna’s operation is disturbed 
largely by that portion of the radome directly in front 
of it. Thus, final results depend on whether the antenna 
is short and wide, tall and narrow, or falls somewhere 
in between. This was shown in Table I where transmis- 
sion losses of three different antennas were compared. 

These results point out the need to investigate all 
antennas under consideration rather than to attempt 
to extrapolate from previous measurements. 

In order to design and build adequate radomes, the 
results of the many tests may be summarized as follows: 


Stressed-Skin or Space- Frame Radomes 


1) Skin should be very thin in terms of wavelength. 
2) Use as few joints as possible. 

3) Make joints as small as possible. 

4) Space joints in a random fashion. 


Sandwich Radomes 


1) Core thickness should be chosen for maximum 
transmission. 
2)-4) As stated above for single-skin radomes. 


Foam Radomes 


1) Foam should be uniform to avoid wave-front 
phase distortion. 

2) Foam joints instead of glued joints should be used. 
Tolerance on foam in joint is not too strict. 
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Near-Field Measurements on a Logarithmically Periodic Antenna* 
R. bi MEMBER, IRE, C. T. ELFVINGI, memper, rE, AND R. E. FRANKS{, MEMBER, IRE 
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_ Summary—Near-field measurements on a triangular-tooth log 
periodic antenna reveal that two waves exist on the structure. A 
transmission line wave travels from the apex to the ‘‘active region” 
of the antenna and excites currents in the teeth or radiating ele- 

_ ments in this region. These currents, in turn, launch a radiated wave 

-which accounts for the far-field pattern characteristics of the an- 
tenna. The antenna is shown to exhibit a pronounced degree of 
increased directivity. . 

Near-field measurements made through one period of operation 

_ show smooth variations of the field distributions with frequency. 


I. INTRODUCTION 


NEW CONCEPT, in which an antenna is speci- 
a fied entirely by angles, was formulated by 
Rumsey! for frequency independent antenna 
designs: Application of this concept to any finite an- 
tenna, however, results in the appearance of at least one 
characteristic length. The problem then becomes one 
_ of finding a finite angular structure which has electrical 
properties that converge rapidly to those of the infinite 
structure. 

An investigation by Dyson? revealed that the elec- 
trical characteristics of the equiangular or logarithmic 
spiral structures are essentially independent of fre- 
quency which indicates rapid convergence. These struc- 
tures are circularly polarized and may be made unidirec- 
tional by folding the spiral back on a cone.’ 

A linearly polarized antenna with similar broad-band 
characteristics was developed by DuHamel and Isbell*® 
by modifying a planar angular structure to include 
logarithmically periodic discontinuities. The introduc- 
tion of these discontinuities increased the rate of con- 


* Received by the PGAP, January 13, 1960; revised manuscript 
received, May 23, 1960. The work described in this paper has been 
supported by the Signal Corps under Contract DA 36-039 SC-78281. 

+ Granger Associates, Electronic Res., Palo Alto, Calif. Formerly 
at Sylvania Electronic Defense Labs., Mountain View, Calif. 

{ Sylvania Electronic Defense Labs., Sylvania Electric Products, 
Inc., Mountain View, Calif. 

1V. H. Rumsey, “Frequency independent antennas,” 1957 IRE 
NATIONAL CONVENTION RECORD, pt. 1, pp. 144-148. 

2]. D. Dyson, “The Equiangular Spiral Antennas,” Antenna 
Lab., University of Illinois, Urbana, Tech. Rept. No. 21, Contract 
AF 33(606)3223; September 15, 1957. Also, IRE TRANS. ON AN- 
TENNAS AND PROPAGATION, vol. AP-7, pp. 181-187; April, 1958. . 

3 J. D. Dyson, “The Unidirectional Equiangular Spiral Antenna, 
Antenna Lab., University of Illinois, Urbana, Tech. Rept. No. 33, 
Contract AF 33(606)3220; July 10, 1958. Also, IRE TRANS. ON 
ANTENNAS AND PRopaGATION, vol. AP-7, pp. 329-334; October, 

59. : 
me 4R. H. DuHamel and D. E. Isbell, “Broadband logarithmically 
periodic antenna structures,” 1957 IRE NaTIoNAL CONVENTION 
REcoRD, pt. 1, pp. 119-128. ; ' rie 

5D. E. Isbell, “Nonplanar Logarithmically Periodic Antenna 
Structures,” Antenna Lab., University of Illinois, Urbana, Tech. 
Rept. No. 30, Contract AF 33(616)3220; February 20, 1958. 

6 R. H. DuHamel and F. R. Ore, “Logarithmically periodic an- 
tenna designs, 1958” IRE NATIONAL CONVENTION RECORD, pt. 


1, pp. 139-151. 


vergence of the finite structure or, in other words, de- 
creased the “end effects.” More precisely, the resulting 
structure is pseudo frequency-independent, since the 
electrical characteristics vary periodically with the 
logarithm of the frequency. The principles underlying 
the unlimited bandwidth properties of this type of 
structure, used singly and in arrays, have been well 
developed; however, little explanation has been offered 
as to why the basic periodic structure should radiate at 
any frequency. While many variations of this structure 
have been developed experimentally,*-* applications 
may have been limited and designs may have been less 
than optimum because of a lack of knowledge of the 
basic means by which radiation occurs from these struc- 
tures. 

To gain better understanding of the theory of opera- 
tion, near-field measurements were made on a loga- 
rithmically periodic antenna. The electric field dis- 
tribution measured near the structure and the currents 
measured in the elements are presented in this report, 
along with a discussion of the waves on the antenna. No 
complete analysis of the operation of the antenna is 
attempted at this time; however, it is hoped that the 
data presented here will contribute to a better under- 
standing of how these structures operate. 


Il. DESCRIPTION OF ANTENNA AND TEST SETUP 


The type of antenna on which all data were taken is a 
nonplanar, log-periodic antenna with triangular teeth,® 
as shown in Fig. 1. The angles a and wy define the ex- 
tremities of the teeth and the angle between the two 
half structures, respectively. 

The logarithmic design ratio 7 is the ratio of two 
adjacent similar dimensions on the antenna. In terms 
of the antenna lengths measured from the apex (see 
Fig. 1), r is equal to Riyo/R, and Rnyi/Rn is equal to 
qil2, 


Values selected for the above parameters are 


Ti UGD, 
a = 287, 
y = 32°. 


7R. H. DuHamel and D. G. Berry, “Logarithmically periodic 
antenna arrays,” 1958 IRE WESCON CONVENTION RECORD, pt. 1, 
pp. 161-174. et 

8 R. E. Franks and C. T. Elfving, “Reflector-type periodic broad- 
band antennas,” 1958 IRE WESCON ConvENTION RECORD, pt. 1, 
pp. 262-271. oe 

2 R. H. DuHamel and F. R. Ore, “Log periodic feeds for lens and 
reflectors,” 1959 IRE NatTIoNAL CONVENTION ReEcorpD, pt. 1, pp. 


128-137. 
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SIDE VIEW 


PLANE VIEW OF ONE-HALF 
OF THE ANTENNA 
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Fig. 1—Parameters and coordinate system for 
triangular-tooth antenna. 


The antenna is approximately 20 feet long and provides 
essentially frequency independent operation from 50 to 
300 Mc. The far-field radiation pattern from this an- 
tenna is unidirectional with a maximum in the positive 
x direction (Fig. 1), and the E plane is parallel to the 
x-g plane. 

The geometry of this type of structure is such that the 
electrical properties repeat periodically with the loga- 
rithm of the frequency. This means, for example, that 
if one tooth is of resonant length, e.g., one quarter wave- 
length long, at the frequency fo, the next larger tooth 
on the same side of the supporting boom will become 
resonant at the frequency Tf. The frequency range from 
tfo to fy thus defines one period of operation. 

The test setup is shown in Fig. 2. Relative phases 
and amplitudes of the RF fields of the antenna were 
directly recorded on a Diagraph, type FT-ZDU. For 
measurement of the £ field, a short dipole, 0.15 wave- 
length long, was used as a test probe as indicated in 
Fig. 2. For the current measurements in the teeth a 
small current loop was used. 

Measurements of the electric field very near one of 
the half structures are presented first at a single fre- 
quency. An interpretation of these data in terms of 
two waves on the antenna is then substantiated by 
electric field measurements in the central or x-z plane 
of the antenna and by current measurements in the 
tooth elements. 

Following this, the behavior of the field on the struc- 
ture is shown as frequency is varied through one period 
of operation. 


III. THe ELectric FIELD AT A SINGLE FREQUENCY 
A. Electric Field Measurements 


The first E-field data are taken in a plane parallel to, 
and very near, one of the two half-sections of the an- 
tenna. It is found that two separate standing waves 
exist along the structure, one along the teeth on one 
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AMPLIFIER 


SIGNAL GENERATOR DIAGRAPH 


Fig. 2—Test setup for amplitude and phase measurements 
near the surface of a log periodic antenna. 


side of the supporting boom, and another along the 
teeth on the other side of the boom. Relative phases and 
amplitudes of these standing waves are shown in Fig. 3. 
The positive direction of the electric field is away from 
the boom in a plane parallel to the teeth for both cases. 

The figure reveals several interesting features of the 
E-field distribution on the structure. The two standing 
waves are 90° out of phase in time and are separated by 
approximately a quarter of a wavelength along the 
structure. The amplitudes of the standing wave pat- 
terns are relatively constant up to what is termed the 
active region, 7.e., the region surrounding the tooth that 
is nearest resonant length. The amplitude then decays 
very rapidly to negligible values beyond this region. 
The active region for this particular antenna includes 
five teeth on each boom and is approximately centered 
on the tooth nearest resonant length. This definition 
of the active region is based on significant current 
amplitudes and phases as shown in Section IV-B. The 
fact that the electromagnetic fields are negligible beyond 
the active region is, of course, the reason for the lack of 
“end effect” with this antenna, as has been previously 
reported. 


B. Electric Field Model 


The H-field measurements above suggest a model of 
the RF field surrounding the structure. The standing 
waves in Fig. 3 are composed of two traveling waves 
which are partially indicated in Fig. 4. The first wave 
is the transverse electromagnetic (TEM) two-wire 
transmission line wave’ which originates at the apex 
of the structure and propagates toward the active re- 
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Fig. 3—E-field measurements along the antenna. 
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Fig. 4—The two waves on the antenna structure. 


gion of the antenna. This wave decays rapidly in the 
active region of the antenna and has negligible ampli- 
tudes at distances beyond this region. The second wave 
is a radiated wave that originates in the active region 
and propagates toward the apex of the antenna and 
then into space beyond. This wave accounts for the far- 
field pattern characteristics of the antenna. 

In the plane of either half of the antenna, the two 
waves contain parallel field components as shown in 
Fig. 4. In this plane, the combination of the instan- 
taneous electric fields of the two waves is shown in Fig. 5 
to add in such a manner as to produce two standing 
wave patterns similar to those of Fig. 3, 90° out of 
phase in time and physically spaced about a quarter 
wavelength apart. 
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Fig. 5—Model of waves on the antenna giving 
rise to standing waves. 


C. Measurement of the Separate Traveling Wave Com- 
ponents 


In order to verify the hypothesis described in the 
previous section, it is desirable to measure the two 
waves separately. As may be seen from Fig. 4, the 
two fields are orthogonally polarized at all points in the 
central or x-z plane. The electric field of the radiated 
wave is parallel to this plane, and the electric field of 
the transmission line wave is perpendicular to this 
plane. Hence, by measurements of the electric field in 
and orthogonal to this plane, the components of these 
waves can be determined independently of one another. 

Fig. 6(a) shows the phase and amplitude of the 
electric field of the transmission line wave as measured 
along the x axis. The phase progression in either direc- 
tion from the apex is linear except for distortion very 
near the apex caused by the finite size of the dipole 
probe. Some distance in front of the antenna the phase 
velocity is that of free space, while in the immediate 
vicinity of the antenna, between the apex and the active 
region, the phase velocity is approximately 3 that of 
free space. This indicates that the portion of the an- 
tenna structure between the apex and the active region 
behaves as a slow wave transmission line. The structure 
is physically similar to a slow-wave helical wound 
conductor, so that it is plausible that the propagation 
characteristics should be that of a slow-wave structure. 

The amplitudes in Fig. 6(a) are shown plotted on a 
logarithmic distance scale from the apex in Fig. 7. The 
field in front of the antenna falls off at a rate of 6 db 
for a two-to-one change of distance (one octave of 
distance) which indicates a 1/7 field dependence. Inside 
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the antenna, between the apex and the active region, the 
average rate of field variation is also 6 db for a two-to- 
one change of distance; however, a standing wave 
pattern is imposed upon this average variation which 
agrees with the VSWR about the nominal impedance 
measured at the antenna feed. Since the expansion of 
the antenna at any point of the central or x axis is 
proportional to the distance from the apex, and a con- 
stant RF potential exists between the two halves of the 
structure for the TEM transmission line mode, it fol- 
lows that the electric field of the transmission line 
wave should vary as 1/r along the central axis. In the 
active region the field decays at an extremely high rate, 
indicating that the field is essentially terminated in this 
region. The field beyond this region reverts to the 6-db 
slope, but the wave is attenuated greater than 20 db 
in the active region. 
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Fig. 6—Phases and amplitudes of the two waves measured along the 
center axis of the antenna (x axis). (a) Transmission line wave. 
(b) Radiated wave. 
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Fig. 7—Amplitude of the transmission line wave measured along the 
% axis. (a) Distance along x axis in front of antenna. (b) Distance 
along « axis inside of antenna. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


November 


Fig. 6(b) shows the amplitude and phase of the radi- 
ated field along the central axis of the structure. The 


phase progression is that of a wave originating in the — 


active region and propagating at the velocity of free 
space outside this region. The amplitude of this field 
builds up in the active region with minor variations in 
the near field. At some distance in front of the antenna, 
the amplitude falls off in the manner of a diverging 
wave. i 

To give a more complete picture of these fields, con- 
tour plots for constant phase and amplitude of both 
fields in the central or x-z plane are shown in Fig. 8. 
Since the contour plots of both fields are symmetrical 
about the x axis, only half of each complete contour 
is shown in the figure for direct comparison of the two 
fields. The contour plot of the transmission line wave 
is shown in the upper portion of the figure. This ‘wave 
originates at the apex of the antenna and is essentially 
terminated in the resonant region. The radiated wave 
as shown in the bottom of the figure propagates from 
the active region toward the apex and on into the far 
field. The contour plot shows an angular dependence 
similar to that of the far-field antenna pattern at some 
distance in front of the antenna. 
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and the radiated wave. 


IV. TootH CURRENTS IN THE ACTIVE REGION 
SINGLE FREQUENCY 


AT A 


Since the transmission line wave terminates in the 
active region and the radiated wave originates in this 
region, the current distribution in this region serves as 
the common boundary for the two waves that allows 
energy to be transferred from one wave to the other. 
Tooth current measurements described in this section 
show the extent of the active region and give some in- 
sight into the nature of the coupling between the two 
waves. 

Any contribution to the radiated field arising from 
currents in the boom is polarized orthogonal to the de- 
sired radiated field. This orthogonal polarization has 
been measured to be greater than 20 db below the de- 
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sired polarization, so it is concluded that the current 
distribution in the boom may be neglected when con- 
sidering the far-field radiation of the antenna. Because 
_of this, no measurements are shown of the currents in 
the antenna booms. 


A. Measurement Techniques 


Magnetic fields produced by the currents in the 
teeth were probed with a small current loop. Fig. 9 is a 
- photograph of the probe installed in a tooth on the 
antenna. The transmission line leading to the probe is 

buried within the structure, and the probe is brought 
- through the conductor surface at the point where the 
' current measurement is to be made. The transmission 
line continues inside the tooth to the boom, and then 
inside the boom to the large end of the antenna. At this 
point, the line is led away from the antenna with neg- 
ligible effect on the antenna fields. The tooth is slotted to 
permit current measurements at a number of points 
along the tooth. A similar loop is located at the apex of 
the antenna to serve as a reference. 


Fig. 9—Current probe in tooth of antenna. 


It is inconvenient to slot a large number of teeth to 
make current measurements over a larger part of the 
antenna, and fortunately it is not necessary to do so. 
With negligible end effects the current distribution on 
the antenna at any given frequency, /, is the same as 
the distribution at a frequency 7”/?/, except that the dis- 
tribution at f is shifted » teeth along the structure to- 
ward the apex. This follows from the fact that the an- 
tenna structure “looks” the same to any two frequencies 
separated by an integral number of logarithmic half- 
periods. one 

If the current phase and amplitude distribution in one 
tooth is measured as the frequency is varied through 
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half-period steps, the results may also be interpreted as 
the currents in teeth along the antenna structure at 
one frequency. 


B. Measured Tooth Currents 


Data taken as described above is presented in Fig. 10. 
The relative amplitude and phase of current is in- 
dicated at five positions along each tube forming the 
teeth in the vicinity of the tooth that is of resonant 
length. The phase of the current is essentially constant 
along each tube, and the amplitude varies in a near- 
sinusoidal manner with a maximum value at the boom. 
This indicates a standing wave of current along each 
tube. It should be noted that the currents in successive 
teeth are approximately 90° out of phase. 

Current amplitudes fall to negligible values in teeth 
longer than those in the active region. The current 
phases depart greatly from the 90° phase progression 
from tooth to tooth for teeth that are shorter than 
those in the active region. The bounds on the active 
region of the antenna are established using current 
phase progression as the criteria at the bound nearer 
the apex, and using current amplitude as the criteria at 
the farther bound. 

That the current distribution in the active region 
satisfies the general requirement of orientation and 
phase progression for interaction with both of the travel- 
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ing waves is seen by a close examination of the phases of 
the currents in the teeth. For clarification, the tooth 
current phases are presented in Fig. 10 with two dif- 
ferent references for the positive direction of current 
flow. The positive direction of currents in Fig. 10(a) is 
outward from the center boom for all tubes forming a 
tooth, and it is evident that the orientation and the 
direction of phase progression of these currents are the 
same as that of the electric field of the transmission 
line wave which is traveling from the apex to the active 
region of the structure. The phases of these same cur- 
rents are shown again in Fig. 10(b), this time with the 
reference of current flow on one side of the boom rotated 
180°. These currents now have the same orientation 
and direction of phase progression as the electric field 
of the radiated wave which is traveling toward the 
apex of the antenna. 

The transmission line wave induces a current dis- 
tribution on the teeth in the active region of the an- 
tenna. The currents vary in phase and amplitude from 
one tooth to the next. In turn, this array of current 
elements excites the wave radiated by the antenna. 


C. Patterns Computed Using Measured Values of Current 


E- and H-plane patterns are computed to verify that 
the far field radiation is essentially produced by the cur- 
rents in the teeth in the active region of the antenna. 
An equivalent structure is devised for these calculations 
which simplifies the expression for the far electric field. 
Relative phases and amplitudes of the currents in the 
elements of the equivalent antenna are assigned from 
measured values of current in the teeth of the actual 
antenna. 

The instantaneous values of current in the two tubes 
forming a tooth are shown in Fig. 11(a). The tube desig- 
nated A is nearest the apex of the antenna. The cur- 
rents J, and Jz of Fig. 11(a) may be divided into their 
x and zg components as shown. Since the currents J4 and 
Iz are separated by a small portion of a wavelength, the 
contributions of J4, and Ig; to the far-field radiation 
tend to cancel. Also, radiations produced by J,4, and 
Iz, are additive in the far field. This suggests represent- 
ing both tubes, A and B, by a single thin linear ele- 
ment with a current equal to [4,+J,. as shown. 

Fig. 11(b) shows the comparison of a sine wave with 
the current distribution that was measured on a tooth 
in the active region. The sum of the two currents J, 
and Iz closely approximates a sine wave distribution. 

Fig. 12 shows the antenna with the teeth replaced 
by equivalent linear elements. For convenience, the 
elements are designated by m where the n=0 element is 
in the center of the active region, 7.e., the element of 


resonant length. The elements numbered 1, 2,--- are 
toward the apex while the elements numbered —1, 
—2,---+are toward the rear of the antenna. 
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Fig. 11—Tooth approximations for pattern calculations. 


Fig. 12—Antenna configuration assumed 
for far field calculations. 


Contributions to the far electric field by a differential 
segment of an element are given by!® 
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where e’*‘ is understood. Here 7 is the impedance of 
free space, k is the wave number 27/), and y, is the 


q relative phase of the current in tooth n. The tooth 


current J(z), assumed sinusoidal with distance along 
the tooth, is approximated by 


Qa 
Tela SL wen ee (Zn — 2), (2) 


where 2, = Lp 7” tan a/2, and Lo is the distance from 
_ the apex to the tooth of resonant length. For this 
- antenna, Lo=) and 2, =(A/4) r”/2. The measured value 
of current at the base of the tooth is expressed by 


; ee om 
T= Laer silt re Pe (3) 


After integrating (1) and simplifying, we obtain the 
following expression for the far zone electric field: 


gne ter > ( T,e*'™ ) eikxn sin 0 cos > 
Dar 5 NSIS RS ( sin 0 ) 


(—cos kz, cos {(- 1)"ky, sin 6 sin o} 


= 


— cos 6@sin kz, sin { (—1)” ky, sin @ sin o} 


+ cos { (—1)"ky, sin @ sin ¢ — kz, cos 6). (4) 


E- and H-plane patterns were computed from (4) and 
are shown in Fig. 13. Measured patterns are also shown 
in Fig. 13 for comparison. 


D. Discussion of the Significance of the Measured Fields 


The agreement between measured antenna patterns 
and the pattern calculated from the measured current 
distribution in the active region of the log periodic 
structure verifies that the active region is actually the 
radiating portion of the antenna at the operating fre- 
quency. The portion of the structure between the apex 
and the active region serves as a transmission line to 
excite the active region, and the portion of the antenna 
beyond the active region has negligible effect, as the 
transmission line wave is effectively terminated within 
this region. Thus, the transmission line wave may be 
considered as the input to the active region, and the 
radiated wave may be considered as the output from 
the active region of the antenna. 

The physical distance along the structure containing 
these five elements is approximately one-third wave- 
length, or 120° in terms of phase shift. However, the 
phase difference between currents in the first and in the 
fifth elements is 360°. Thus, the phase shift along the 
structure exceeds the length of the active region by 
approximately 240°. This indicates that the structure 
exhibits increased directivity. In fact, the excess phase 
shift is greater than that of the conventional Hansen- 
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Values of Measured Current Used for Calculation 


nN TES Yn 

—2 0.230 -180 

=1 0.675 90 
0 1.000 0 
1 0.965 — 90 
2 0.590 —180 


—— Typical measured pattern 
— — — Calculated Pattern 


Fig. 13—Calculated and measured radiation patterns of log 
periodic antenna. (a) E plane. (b) A plane. 


Woodyard increased directivity condition, which is, of 
course, based on equal] excitation amplitudes of each 
element. 


V. MEASUREMENTS IN THE IMMEDIATE VICINITY OF THE 
STRUCTURE THROUGH ONE PERIOD OF OPERATION 


The broad-band properties of these antennas have 
been explained by DuHamel in terms of their periodic 
performance with frequency. Essentially then, the 
analysis of these structures hinges on their operation 
over any other period of frequency (f to 7f, where f 
may be any frequency in the operating range). To de- 
termine the manner of the variations within a period, 
near-electric field measurements were made at several 
frequencies within one period of operation. Also, the 
current was measured in one tooth over several periods 
of operation. Phase and amplitude data are with ref- 
erence to the transmission line wave at the apex of the 
antenna. 


A. Current Variations 


Relative current amplitude and phase measured in 
one tooth is shown in Fig. 14 over a frequency range 
of several periods. Data were taken with a probe built 
into the antenna structure as described in Section IV-A. 
Current data are shown at five equidistant points lo- 
cated along each tube that forms the tooth. The figure 
clearly shows the frequency response of the tooth. The 
current amplitudes are significant and the phases vary 
smoothly over a frequency range of approximately 
two and one-half periods. 
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14—Current variations with frequency at fixed 


Fig. : 
positions along tubes forming a tooth. 


These same basic data are presented again in Fig. 15 
to show the manner of variation of current in a number 
_of teeth in and near the active region as frequency is 
varied through one period of operation. The relative 
amplitude and phase of the current in each tube are 
determined from the frequency scaling technique given 
in Section IV-A. The average amplitude and ‘phase 
values of current in the two tubes of each tooth are 
plotted as a function of frequency. The positive direc- 
tion of current flow is taken toward the boom on one side 
and away from the boom on the other side, as in Fig. 
10(b). This convention produces addition in the radiated 
far field. As expected, the amplitude of the current in the 
shorter or higher frequency teeth increases as the fre- 
quency is increased, while the amplitude in the longer 
or lower frequency teeth decreases. 

The phase plots of Fig. 15 show that the current in 
each successive shorter tooth lags that of the previous 
tooth by approximately 90° in the active region of the 
antenna. 

These plots also show that the phase of the current in 
each tooth in the active region lags as the frequency is 
increased. If the frequency is increased by one half 
period, then the current in each tooth is delayed by 90°. 
However, when the frequency is increased by one-half 
period, the next shorter tooth becomes the resonant 
tooth. Therefore, the phase of the currents in the teeth 
in the new active region lags those of corresponding 
teeth in the old active region by 180° when the fre- 
quency is increased by one half period. By continuing 
this same line of reasoning, it may be shown that the 
phase of the currents lags by 360° when the frequency is 
increased by a full period. Since these currents launch 
the radiated wave, the phase of the far-field radiation 
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Fig. 15—Amplitudes and phases of current in teeth in active region 
of the antenna through one period of operation. Note: Positive 
direction of current flow is as shown in Fig. 10(b). 


lags 360° with respect to the antenna feed point when 
the frequency is increased by a full period. This phe- 
nomenon was previously noticed in the far-field radia- 
tion phase and was reported by DuHamel and Ore.® 


B. Electric Field Variations 


The relative amplitudes and phases of the electric 
field on each side of the center boom are shown in Fig. 
16 for four frequencies encompassing one period of 
operation. The tooth of resonant length at frequency 
fo is tooth number 0 as indicated. If the frequency is 
decreased to for!/?, or one-half a period from fo, the 
next larger tooth (tooth number —1) becomes resonant, 
and so on. The amplitude distribution extends farther 
along the structure toward the larger teeth as the fre- 
quency is lowered. 

However, the motion of the maxima and the minima 
of the standing wave patterns on either side of the 
center boom is toward the apex of the structure as the 
frequency is lowered, as may be seen from the succes- 
sive standing wave pictures presented in Fig. 16. This 
motion corresponds to the standing wave pattern that 
would be produced by the combination of a radiated 
wave which advances in phase as frequency is lowered 
and a transmission line wave of relatively constant 
phase. The phase variation with frequency of the radi- 
ated wave agrees with that deduced from the current 
measurements. 


VI. CONCLUSIONS 


Some insight into the basic operation of the loga- 
rithmically periodic antenna is gained from the meas- 
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Fig. 16—E-field measurements along the antenna structure 
through one period of operation. 
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ured RF fields surrounding the structure. A TEM trans- 
mission line wave is launched from the apex and 
travels to the active region of the structure. This wave 
excites currents in the teeth and is effectively ter- 
minated within this region. These currents in the active 
region produce a radiated wave which accounts for the 
far-field pattern of the antenna. The two waves may be 
considered as the input to and the output from the ac- 
tive region of the antenna. 

The active region for the log periodic antenna con- 
sidered in this paper consists of five teeth centered on 
the tooth nearest resonant length. Close agreement 
between measured antenna patterns and _ patterns 
calculated from the currents measured in this region, as 
well as the measured attenuation of the transmission 
line wave in this region, indicates that these five teeth 
constitute the radiating portion of the antenna. A 
pronounced degree of increased directivity is indicated 
by the measured phase progression of the currents in 
the active region. 

Near-field measurements within one period of opera- 
tion show smooth variations of tooth currents and elec- 
tric fields with frequency. The phase variations with 
frequency are in agreement with the far-field phase 
variations reported by DuHamel. 


Distribution Functions for Monopulse Antenna Difference Patterns* 


O. R. PRICE}, SENIOR MEMBER, IRE, AND R. F. HYNEMANT, MEMBER, IRE 


Summary—Theoretical considerations of monopulse antisym- 
metrical or difference radiation patterns which have optimum proper- 
ties in the Dolph-Tchebycheff sense are discussed. An approximate 
technique for synthesizing such patterns from linear arrays or con- 
tinuous line sources is given. A highly desirable feature of the 
method is that the excitation function may be written as a simple 
modification of a (known) conventional Dolph-Tchebycheff excitation 
function. In addition, the method is also applicable to the synthesis 
of other specialized antisymmetrical patterns. 


I. INTRODUCTION 
Oe methods for the sum patterns of mono- 


pulse antennas (which are directly related to 
conventional antennas) are well established. 
If the ultimate in narrow beamwidth and low sidelobes 


% ived by the PGAP, March 12, 1960. _ 
Pes riat tlaches Aircraft Co., Culver City, Calif. : 
: Ground Systems Group, Hughes Aircraft Co., Fullerton, Calif. 


is desired, then a pattern with all sidelobes equal must 
be obtained. Application of the Tchebycheff polynomial 
[1|-[3] yields equal sidelobes provided one considers 
only the space factor of an antenna. However, opera- 
tional requirements sometimes dictate that the designer 
sacrifice some beamwidth or sidelobe level near the main 
lobe in order to obtain very low sidelobes far from the 
main beam. Design criteria for the conventional (sum 
pattern) antenna have also been derived for this case [4]. 

Many monopulse antennas in operation are modifi- 
cations of parabolic-dish-reflector antennas. Labora- 
tory prototypes of two- and three-dimensional slotted 
waveguide antennas have been constructed and tested. 
In the near future monopulse antenna arrays with in- 
dependent power sources, and accompanying independ- 
ent phase and amplitude control for each radiating ele- 
ment, will be built. Especially in view of the last two 
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developments it is apparent that there is a need for dif- 
ference (antisymmetrical) pattern design methods. 

In this paper, design methods for obtaining difference 
patterns satisfying various operational requirements 
will be derived. Because the element pattern in most 
antennas lacks much directivity, and in order to main- 
tain wide applicability of the methods to be derived 
here, only the space factor will be considered. 


Il. Review oF DoLtpu-TCHEBYCHEFF 
OptimMuM SUM PATTERNS 


In preparation for later consideration it will be ad- 
vantageous to review briefly methods for obtaining 
optimum patterns of arrays of isotropic sources. Con- 
sidering a linear broadside array of equispaced, iso- 
tropic, in-phase sources, Dolph [1] has show that a pat- 
tern with minimum main lobe beamwidth for a given 
ratio of main lobe amplitude to sidelobe amplitude will 
have sidelobes of equal amplitude. 


Fig. 1 shows the configurations under consideration. 


Since the amplitude distribution is symmetrical 
(A,=A_,), the radiation pattern for an even number of 
elements, 7, may be expressed as 


1 


y 
= Baw = 3A, Pek eae art (1a) 
Tr=1 
and for an odd number, 1, as 
1 a vy 
9 Eg .2n+1 = » Ales cos 27 9 ) (1b) 
(=) 


where 2,=2N, n»=2N-+1, and where the excitation of 
the rth element is proportional to A, for r#0 and to 
2Aq for r=0. In each case ~/2=yd/d sin 0=Wdu/), 
where d/) is the center-to-center element spacing in 
terms of free space wavelength, and u=sin 0, where @ is 
the angle measured from the broadside direction: 
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(b) 
Fig. 1—Array of radiating elements. 
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Following Dolph, each amplitude pattern may also 


7 


| 
5 


. 


be represented by an appropriate Tchebycheft poly- — 


nomial or by a single trigonometric term. 


1 

- Es. on = Toy=i(a) = Cos |(2N — 1)eare cos x| (2a) 
1 

Ss Egonsi1 = Toy(*) = cos (2N arc cos x), (2b) 
where x =x) cos W/2, and xp is defined by (3) 
T (8) leery = Re, (4) 

where 

amplitude of main lobe of sum pattern 
S —, . 


amplitude of secondary lobes 


III. THEORETICAL CONSIDERATION OF THE 
DIFFERENCE PATTERN 


The difference pattern is antisymmetric and, char- 
acteristically, for broadside operation, has a null at 
6=0° with main lobes of equal magnitude on each side 
of 0° together with the usual secondary maxima or side- 
lobes. 

Again consider the configurations shown in Fig. 1, 
except now we will use B, to designate the feeding coef- 
ficient of the rth element. Since B,= — B_,, the differ- 
ence patterns may be expressed as 


Ep,2n 
essen 3 B, sin] (2r — 1) “|, (6a) 
r=1 
and 
E NN 
oe =i >>B,sin (2» *), (6b) 
a r=0 


With the substitution y=sin ~/2, (6a) may be written 


=D By, 1 


Ep,2.n 


2 


which is a real polynomial of degree 2N—1. In the case 
of an odd number of elements, a corresponding real- 
polynomial representation does not appear possible, 
and therefore this case will not be treated from the 
theoretical standpoint. However, the excitation en- 
velopes for the two cases differ insignificantly for arrays 
having a reasonably large number of elements, and so 
the approximate method outlined subsequently applies 
equally well to either case. 


\ 


1 Representations of the forms 


Ep,ow41 ee 
aS iV/1 — y? > B,ly2-1 
r=1 
or 
Pat ZN » B PAN nt ZN-") 


where Z=e¥ and y=sin w/2, are of course possible. 
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By definition, the characteristics of the optimum dif- 
ference patterns are essentially the same as for the con- 
ventional Dolph (sum) pattern, and the proof of the 
optimum property follows the same line of reasoning. 
For simplicity, the case of d/A=#4 is treated, which re- 
sults in a range of y from —1 to 1 for 0 over the visible 
region. 


Theorem: 
Consider a class of odd, real polynomials of degree n, 
F,(y) = airy + agy® + ++ + + Gny” 


which satisfy the following conditions: 
1) All the roots of F,,(y) are real and lie in the interval 


>. (—1, 1). 


2) The F,(y) are normalized so as to make the mag- 
nitude of the first left-hand and the first right-hand 
extrema from the origin (the two innermost extrema) 
equal to a given constant R (See Fig. 2). 

3) All F,(y) have the same ratio R of the magnitudes 
of the innermost extrema to the magnitude of the largest 
other extremum for y in the range (—1, 1). 

Let the particular function F,,°(y) satisfy the above 
conditions and have the further property that all sub- 
sidiary extrema, 7.e., all extrema except the innermost 
pair in the interval (—1, 1), are of magnitude unity. 
Then F,°(y) has the smallest distance from the origin 
to the first nulls, yi. 


F (y) 


y= SIN(z SIN 8) 


Fig. 2—-Sketch of optimum and narrower-than- 
optimum polynomial. 
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The proof is equivalent to that given by Dolph [1] 
in his treatment of the Tchebycheff array. Let D,(y) be 
the difference between F,,°(y) and any other F,,(y); then 


D,(y) = F°(y) = F,,(y). 


Hence D,,(y) is a polynomial of degree not greater than 
n. Now assume that the above theorem is false, 7.e., that 
| y1| <a | yar? , where y+; and y4:° are first nonzero roots 
of F,(y) and F,,°(y), respectively. Since no subsidiary 
extrema of F,,(y) may exceed unity in magnitude, and 
all subsidiary extrema of /,°(y) must have that value, 
it follows that F,(y) and F,°(y) must intersect in not 
less than n+2 points. Thus by counting the number of 
intersection points, D,(y) must have not less than +2 
zeros. Since D,,(y) is a polynomial of degree not greater 
than n, it follows that D,(y) =0. As a result, if the func- 
tion F,,°(y) exists, then it is optimum in the sense that 
it will have the least distance between first nulls for the 
given ratio R. 


Corollary: One of the above class of functions, the func- 
tion F,°(y), has the (normalized) slope of greatest 
magnitude at the origin. The proof follows exactly as 
above and will not be repeated here. 


Thus, it can be shown that the postulated function 
F,°(y) is optimum from the standpoint of a mono- 
pulse application in that it displays both the lowest 
sidelobe ratio for a given beamwidth as well as the 
greatest rate of change in signal amplitude with angle 
about the boresight direction. This latter characteristic 
is of importance in obtaining good error sensitivity in 
the monopulse system. 

Unfortunately, no known polynomial has the required 
characteristics; indeed the function is of the class con- 
sidered by Sinclair and Cairns? in their treatment of the 
conventional optimum distribution for an even number 
of elements which are spaced less than one-half wave- 
length apart. Methods of solution involving trial and 
error, and analog techniques, as well as an iterative 
technique for improving the characteristics of a trial 
polynomial, are indicated in their paper. However, the 
operation must be carried out in entirety for each new at- 
tempted design. In the material below, a simple method 
for obtaining a close approximation to the optimum 
difference .pattern from existing Dolph-Tchebycheff 
distribution tables is outlined. In addition, the method 
is applicable for obtaining difference patterns having the 
specialized sidelobe characteristics of other directive 
pattern distributions, @.g., the Taylor distribution for 
continuous line sources [5] and the Taylor modified 
sin u/u distribution [4]. 


IV. An APPROXIMATE METHOD FOR OBTAINING 
THE OpTIMUM DIFFERENCE PATTERN 
Upon comparing (1) and (6) one observes, in par- 
ticular, that the trigonometric factor in each term of 


2 See [3], discussion on p. 53, (18) through (26). 
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(6) is (Transmutation I) fi(r) times the derivative with 
respect to ¥/2 of the trigonometric factor of the corre- 
sponding term of (1), and (Transmutation II) fo(r) 
times the integral of the corresponding trigonometric 
term of (1). A brief consideration shows that application 
of Transmutation II (7.e., an integrative technique), to 
a Dolph-Tchebycheff distribution generating function 
yields an aperture illumination even more highly peaked 
centrally. In turn, although such a distribution may be 
used to obtain an antisymmetrical pattern, the resulting 
pattern in general will not have the nulls required for 
an optimum antisymmetrical pattern as defined in 
Section III. However, a practical application of Trans- 
mutation II will be described subsequently. On the 
other hand Transmutation I (7.e., a differentiative tech- 
nique), results in a distribution less highly peaked than 
the generating function; the resulting pattern will be 
compared with the optimum pattern. 


Transmutation I 


The application of Transmutation I to (1) and (2) 
yields alternate expressions for the difference (odd) 
amplitude patterns which result from a Dolph-Tcheby- 
cheff pattern used as a generating function. Thus upon 
applying d/d(y/2) to (1) and (2), and again letting 
x=x» cosy/2, y=siny/2, we obtain 


Ep,2n 
Seg See up een sin] @r— 5], (7a) 
te 
Ep 2 
Se 1 > A,(2r) sin (2 *) : (7b) 
2 st) 2 
Ep,2n 2S) 
5 = — iv/xy2 — x? ye T2v-1(«) 
= Oh yee sin [(2N — 1) arc cos 2| 
= P(2N — 1;2), (8a) 
Ep 241 Ree eee. 
ee = — ivf ay? — 2? ‘ia Ton (x) 
x : oo? — 2 
= —2N mere oie [2N arc cos «| (8b) 


Eqs. (8a) and (8b) are transcendental functions of Bits 
however, as indicated previously, (7a) may be expressed 
as an odd polynomial in y, where y=sin W/2. In order 


to obtain the corresponding odd polynomial (in y) form 
of (8a), write 


Var — a2? = my, x = toV/1 — 9% 


Since the associated Tchebycheff polynomial [6] of 
degree 2NV—2 


sin |(2N — 1) arc cos «| 
V1 — x? 


_ Sen—2(2") = 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


P(7;X) 


is even in terms of 


C= pgn/ Li yy", 
it is also even in terms of y. Then 
P(2N = ie x) =a (2N es 1) ySoyv—2(2«) 


is an odd polynomial in y. In a similar manner it may 
be shown that (7b), and therefore (8b), are transcen- 
dental functions of y of the form 


N 
(1) a 
Epona. = V1 — y? >, apy? 


r=0 


Although the polynomial representation is possible in 
the even cases, the behavior for both the even and odd 
cases is more clearly displayed by the transcendental 
representation in terms of x (8). Inspection of these 
equations shows that the sidelobe maxima differ in 
magnitude only through variation of the factor 


/= —. x? 

1 — x? 

This variation is small for the values of xo usually em- 
ployed, whenever | 2c| <1-—e,1.e., in the sidelobe regions. 
For example, a plot of P(7; x) against y is shown in Fig. 
3, from which it is evident that the magnitudes of the 
subsidiary extrema decrease only slightly as | y| —1. 


ee 
(0) 


y = SIN (SIN @) =, /I-(x/x,)? 


Fig. 3—Plot of the approximately optimum transcendental P (7, x). 
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The coefficients B, are most easily obtained by equat- 


Characteristics of the near-optimum difference pat- 
ing the right side of (6) to the right side of (7). Thus, 


tern, e.g., beamwidth, sidelobe ratio, and location of the 
Bie Ore A) A,. (9a) main lobes in terms of corresponding characteristics of 
the parent or generating Tchebycheff pattern are de- 
rived in Appendix I and plotted in Figs. 4(a) through 
or A. (9b) 4(c). From these graphs, and using published results for 
the Tchebycheff pattern distribution function, a dif- 
ference pattern having the desired sidelobe ratio may 
be determined. 


for an even number of elements and 


for an odd number of elements. An extensive table [7] 
of values for A, has been published. 
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The patterns obtained by this transmutation method 
and represented by (8) are only nearly optimum. In 
principle, one could find a distribution which would 
yield a pattern slightly better in the sense that for a 
given value of R the beamwidth would be narrower than 
that represented by P(x). From a practical standpoint, 
the pattern represented by P(x) is more than an ade- 
quate approximation because of the very slight varia- 
tion from equal sidelobe magnitudes as subsequently 
shown in Appendix I and plotted in Fig. 4(b). Indeed, 
for an actual antenna it is suggested that it would be 
more fruitful to optimize the complete difference pat- 
tern (i.e., the array pattern times the element pattern), 
as has been done by Sinclair and Cairns [3] for the 
conventional Tchebycheff pattern. 


Example 1—The Tchebycheff Generating Function 


Consider the space factor of an eight-element, one- 
half wavelength spaced broadside array with real feed- 
ing coefficients B,. Require the first sidelobe to be 17.5 
db below the two main lobes. Fig. 4(a) gives the side- 
lobe level: of the generating function vs sidelobe level 
obtained with the use of Transmutation I. The two 
curves shown indicate the slight variation in design 
sidelobe level with number of elements. From this figure 
a Dolph-Tchebycheff distribution for a 27-db sidelobe 
level (Rs=22.2) sum pattern must be used as a gen- 
erating function. 

For the sum pattern case one finds 


Ho = 12150; 
A; = 8.25, 
A, = 6.82, 
A; = 4.56, 
A, = 2.60. 


The coefficients B, for the difference amplitude pat- 
tern are then found by use of (9) and, after normaliza- 
tion to B,=1.00, are 
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The ratio of amplitudes of the first sidelobe (lobe 
nearest broadside) and the lobe at endfire is shown from 
Fig. 4(b) to be 1.45, or 3.2 db. 

Table I gives information on this example and those 
to follow. Fig. 5 shows the theoretical pattern for this 
first example with d=)/2. An array constructed by 
Tang [8] was used to obtain the experimental patterns 
for this example and the ones to follow. This array is a 
standing wave array with micrometer adjustable irises 
for controlling the slot coupling. The slots are longi- 
tudinal and are on the center line of the waveguide 
broad wall. For each case eight slots were used with a 
slot spacing d=0.7X. In Fig. 6 the experimental pattern 
is shown, as well as the theoretical pattern of Fig. 5 
adjusted for the slot spacing of Q.70\ and an assumed 
element factor (power) =cos”. 


Example 2 


In order to see how theoretical values compare with 
experimental results for a more stringent sidelobe level, 
the case of a transmuted—35.5-db Dolph-Tchebycheff 
generating function is shown in Table I. 


Example 3—The Binomial Generating Function 


A familiar limiting application of the Dolph-Tcheby- 
cheff method to the sum pattern is to require that the 
ratio of the main lobe to the sidelobe amplitude level be 
infinite. The result, of course, is that the feeding coeffi- 
cients are proportional to the coefficients of a binomial 
series. Application of Transmutation I to the binomial 
distribution generating function leads to a difference 
pattern with no sidelobes for a spacing d=)/2; the 
theoretical and experimental patterns for d=0.70X are 
shown in Fig. 7. 


V. EXTENSION TO OTHER PATTERN- 
GENERATING FUNCTIONS 


The general procedure of transmuting a known con- 
ventional pattern distribution to obtain the difference 


November — 


Re ed, a lines Gs aot oe ee 


B, = 0.44, pattern distribution which will produce approximately 
eeu IOs similar sidelobe characteristics, is, of course, not limited 
ee to the Tchebycheff case. In general, the success of the 
ean? procedure is based on the fact that the spacing between 
By = 1.00. zeros and the shapes of the sidelobes in all conventional 
TABLE I 
APPLICATIONS OF TRANSMUTATION No, I 
Width B ; i “peri 
example | “Suhieans’” | (Theoretica | (experimenean | (Theoretical) | Experimenta 
Nudiber Maan tebe & First Side- First Side- Meee er oe sal Wiech ot G ing F i 
a obe for Pye Meira Main Lobe for | Each Main Lobe enerating Function Used 
d=)/2 d=0.70N for d=0.70n 
1 aS —17.5 db —16 db Wl 18° 
: : —27 db Dolph-Tchebycheff 
2 28.5 —24 db —21 db 20° 20° —35.5 db Dolph-Tcheby- 
3 ws sot 
‘ — — <—k — — © db Dolph-Tchebycheff 
4 25 —15 db —14 db WAS 18.5° —23 db Taylor’s Modified 
sin * 
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POWER PLOT IN DB ONE WAY 


~90° 80° 70° 60° 50° 40° 30° 20° 10° O° 10° 20° 30° 40° 50° 60° 70° 80°+90° 


Fig. 5—Computed difference power pattern for eight-element array 
with spacing d=\/2 and an isotropic element factor; differen- 
tiative technique applied to 27-db Dolph-Tchebycheff generating 
pattern. 
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=90° 80° 70° 60° 50° 40° 30° 20° 10° O° 10° 20° 30° 40° 50° 60° 70° 80°+90° 


Fig. 6—Experimental and computed difference pattern for eight- 
element array with spacing d=0.7\ and with an assumed element 
factor (power) =cos? 0; differentiative technique applied to 27-db 
Dolph-Tchebycheff generating pattern. 
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Fig. 7—Experimental and computed difference pattern for eight- 
element array with spacing d=0.7\ and with assumed element 
factor (power) =cos® 6; differentiative technique applied to a 
binomial distribution generating pattern. 
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directive patterns is an almost uniform function of y, 
where y= kd sin @. As a result, the maximum of a given 
sidelobe of a pattern obtained by the differentiative 
technique is centered approximately at a zero of the 
generating or parent function, and its amplitude tends 
to be proportional to the magnitudes of the maxima on 
either side of the corresponding zero in the parent func- 
tion. Except for a second-order effect resulting from the 
nonuniform spacing of nulls in the parent pattern, the 
sidelobe decay characteristic of the difference pattern 
is essentially that of the parent pattern. However, since 
differentiation of the single main lobe in the parent 
pattern results in a pair of main lobes, each of lower 
amplitude, in the difference pattern, the latter pattern 
always has an over-all sidelobe level higher than the 
corresponding parent pattern. 

The general procedure works equally well for con- 
tinuous line-source distributions as for arrays of dis- 
crete elements. For a continuous distribution g(z) and 
a line source of length L, the radiation pattern is given 


by 


Fane f eeyessee (10) 


L/2 


where u=sin 0. 
The corresponding difference pattern may be ob- 
tained from 


L/2 


ae d = —iku 2d. i ‘Al 
Fo(w) =— Flu) = cf sg6ade ee sh 


—L/2 
thus requiring the new aperture distribution h(z) where 
(12) 


An example involving the Taylor modified sin 


nru/mu pattern [4] is given below. 


Example 4—The Taylor Generating Function 


In order to obtain a difference pattern with sub- 
stantially lower sidelobes far from the two central 
beams, a Taylor modified sin wu/mu distribution may 
be used as a generating function. The corresponding 
sidelobe level and beamwidth characteristics of parent 
and transmuted Taylor patterns are obtained in Ap- 
pendix II and plotted in Fig. 8. For an example, a 
Taylor generating pattern corresponding to a first 
sidelobe level of 23 db was used, resulting in a theo- 
retical difference pattern first sidelobe at 15 db. Fig. 
9 shows computed and experimental patterns for an 
array approximating the required line-source distribu- 
tion with an element spacing of 0.7). 


or 
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Fig. 8—(a) Parent and transmuted Taylor pattern sidelobe levels. 
(b) Directivity of parent and transmuted Taylor patterns. 


VI. THE INTEGRATIVE TRANSMUTATION® 


Previously it was mentioned that the integrative 
method of Transmutation II results in an aperture dis- 
tribution more highly peaked in magnitude than that of 
the generating function. Because the resulting aperture 
distribution is both sharply peaked in magnitude and 
antisymmetric in phase, there is a very sharp discon- 
tinuity in the aperture distribution at the center of the 


3A, Ksienski, Hughes Aircraft Co., private communication. Dr. 
Ksienski has independently utilized the integrative method in the 
synthesis of sector beams. 
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Fig. 9—Experimental and computed difference pattern for eight- 
element array with spacing d=0.7\, with assumed element 
factor (power) =cos? 6; differentiative technique applied to a 
Taylor-modified sin ru/mu generating pattern. 
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Fig. 10—Experimental and computed difference pattern for eight- 
element array with spacing d=0.7A and with assumed ele- 


do 
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C9 ene at en See ar 


ment (power) factor =cos? 9; integrative technique applied to a — 


uniform distribution generating function. 


array. The effect of the described distribution is to pro- 
duce an antisymmetric radiation pattern with a high 
level of radiation everywhere except for a sharp null at 
broadside. This type of pattern would be desirable for 
those applications where the specifications require that 
the radiation level of the difference pattern be high 
compared with the sum pattern in every direction ex- 
cept near broadside. 

Derivation of the expression which relates the feeding 
coefficients for Transmutation II to the feeding coeff- 
cients of the parent pattern is strictly analogous to the 
procedure used in (7) through (9). Thus 


Ale 
CG. a ay f (ho ) 13 
FESS or n = No (13a) 
A, 
Cy = forn=n,.,7r 4 0, (13b) 
2h 
and 
Co = 0 (Se) 


where C,=feeding coefficient for the rth element when 
Transmutation II is applied. 
An example of this is given in Fig. 10. 
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VII. Conclusions 


A synthesis method for antisymmetric (difference) 
patterns used in monopulse antennas has been pre- 
sented. Linear arrays and line sources have been con- 
sidered here, but the extension of the techniques to two- 
dimensional antennas is straightforward. The antisym- 
_ metric patterns resulting from the application of trans- 
mutation No. I to Dolph-Tchebycheff aperture dis- 
tributions are nearly optimum in the Dolph-Tcheby- 
cheff sense. Application of the transmutation to other 
distributions used as generating functions yields anti- 
symmetrical patterns which are analogous to the sym- 
metrical patterns obtained from the generating func- 
tions. This was illustrated in the case of Taylor’s sin 
mu/mu pattern. A special case of interest which utilizes 
_ Transmutation II was illustrated. 

A highly desirable feature of the method is that the 
excitation coefficients for the difference patterns may be 
very simply obtained from tables of aperture coeff- 
cients applicable to the parent functions. Thus any 
necessary compromises in the design of a monopulse 
antenna can be made in a more direct manner. 


APPENDIX | 
DERIVATION OF TCHEBYCHEFF PARAMETERS 

The sidelobe level of the derived near-optimum dif- 
ference pattern may be determined as follows. From 
(2) and (8) 
Ta 
eS - 2 
i 
a8 


= T,_1(x) = cos [(m — 1) arc cos 2| (14) 


xe = x 
~= — i(n — 1) {Jo sin [(n — 1) arc cos] (15) 
1 — x? 


where stands for either »,=2N or mo>=2N-+1. The 
value of xo is given in terms of the sidelobe ratio, R, of 
~ the parent function (14), 


arc cosh R 
xo = cosh | “=| (16) 
n— 1 
or, for large R and 7, 
i Tlea2Ro 
malts] |. (17) 
2in=— 1 


For the maxima of the right side of (15) nearest endfire 
u=1,x=0, 
Ep 


— ~ — (n — 1)xo 
21 


(18) 


where the expressions are exact for ” even. The value of 
(15) for the principal maxima near u=0 is found by 
differentiating (15) and equating the result to zero. Let 


x =1lt+e 
wise 174-15; 
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then for a and 6 small (15) becomes 


Ep, 


Feo (n — 1) [sinh {(m — 1)v/26}]. (19) 


Differentiating (19) with respect to 6 and equating the 
result to zero gives approximately 


tanh BAmex = SAmex(1 — Amex?) (20) 
where 
6B =In2R 
Amax = / Omax/Q. 
For R>20, it may be shown that, to a good approxima- 


tion, 


tanh BAmax & 1 


or 
fonts : (21) 
hic 3 (Sree 
The roots of this expression are given by 
eae ] 
1\1Ve cos Mage + pr 
A= 2(—) cos (22) 
3 3 


where 8 >2.6 and where p=0, 1, 2. The required root is 
that one in the range 0<Amax<1 which is nearest to 1. 
Expanding the cosine term in (22) gives for this root 


ae 206 Dae 13 26 
Amax = cos| —sin7! — —=sin sin? 
S B V/3 5 B 
0.644 
~1———.- (23) 
ye) 


Substitution into (19) and comparison of the result with 
(18) gives for the ratio, R’, of the difference pattern 
main-beam amplitude to the endfire sidelobe ampli- 
tude 

1 sinh (@ — 0.644) 


R' = (24) 
ay [8 — 1.644]1/”2 


This expression is plotted in Fig. 4(a). 

In a similar manner, the ratio, R’’, of the amplitude 
of the first sidelobe to that of the endfire sidelobe can be 
determined approximately as 


(25) 


This expression is plotted in Fig. 4(b). 
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The locations of the first nulls in the difference pat- 
tern are given by 


CG! 


tl a ose (26) 
se er ary 8 y 
DENG a 
and in the parent pattern by 
2 
be 1+2(4) 
I 2 Ge T 
sate rie 7a) 
ON es a ies sera ee 
2\n—1 


The locations of the principal maxima for the difference 
pattern are given by 


r nN 1.36 — 0.41 
SiN Omax Y% + —— 4/ ae (28) 
cL n—1 1 B 
A ae 
2\n-1 


These last three expressions are plotted in Fig. 4(c). 
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Tue Taytor MopiFtep sin ru/ru PATTERN 


The far-field Taylor or parent pattern is given by 


TA 
sin ae Vu2 — B? 
I (u) 


I 


BS | «| 
aL fa 

eee 

oN 


2 td Seg eae 
st ee: VB? — uv? 
= 0< |u| <B (29) 
0 Gp fee 
ape k »/ B? = u 
r 


where L is the total aperture length, u=sin 6, and Bisa 
parameter determining the ratio of amplitudes of main- 
beam to first sidelobe. As shown in Fig. 9 the sidelobe 
level decreases inversely with wv. The aperture distribu- 
tion required to produce this pattern is given by 


connfey EJ} oo 


where Jo(¢) is the modified Bessel function, and = is the 
distance along the aperture measured from the aperture 
center. 
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The derived difference pattern is given by 
d 
Fp(u) = — Flu) 
du 


wL 
ey a/ ut? == B* 
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8 
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= 

s, 
| 

= 
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(w= B) era 
|u| 2B 


aL ef Se 
sinh —— / B? — u?> 
taf d 


lp Oe ees 
—_ | cosh — ~W/B? — # — 
Be —- wv nN arL 


x 
0< |ul 2 ee 


4/ B? — 2 


Again, because of the more rapid decay of the sin [/f 
factor, as compared with that of the cosine term, the 
sidelobe level eventually decreases inversely with uw, as 
u increases from B. 

The aperture distribution required to produce the 
difference pattern, (31), is just 


wo =f E)} os 


Characteristics of the Taylor pattern and the derived 
difference pattern are given in Fig. 8. 
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Radiation from a Tapered Surface Wave Antenna* 


LEOPOLD B. FELSEN}, sENIoR MEMBER, IRE 


Summary—wtilizing results obtained previously for the propa- 
gation of electromagnetic waves along a plane surface having a 
linear spatial variation of surface admittance, an approximate analy- 
sis of the radiation properties of a certain two-dimensional tapered 
surface wave antenna is carried out. The radiating structure consists 
of a surface waveguide of finite length having a linear susceptance 
variation, inserted between a feeding surface waveguide: with con- 
stant susceptance, and a perfectly conducting plane. The separate 
junction effects at the input and output ends of the taper are evalu- 
ated approximately for the case where the taper susceptance varia- 
tion is gradual, and their combined influence on the radiation pattern 
is discussed. 


Il. INTRODUCTION 


-been obtained for the electromagnetic fields radi- 
ated by line and ring sources in the presence of a 
semi-infinite wedge and cone, respectively, having a 
linearly varying surface impedance (or admittance, 


ie A previous publication,! formal solutions have 


_ depending on polarization). In this paper, some of the 


above-mentioned results are utilized for the analysis 
of a tapered surface wave antenna along which the sur- 
face susceptance increases linearly. 

A tapered reactive surface plays an important role in 
surface wave antenna applications. A conventional 
plane surface wave structure with constant surface 
reactance guides energy along its surface but does not 
radiate. To induce radiation, the surface impedance 
must be varied: either abruptly, as in the case of a 
sudden termination of the guiding structure or an 
abrupt junction with a different reactive surface, or 
gradually, as in a taper. Concerning abrupt transitions 
in surface reactance, these are accompanied not only by 
radiation but also by reflection. To minimize reflections, 
the changes in reactance at a junction must be kept 
small, leading also to a small amount of radiated 
energy; to obtain substantial radiation, a series of 
junctions is usually required. A tapered reactive surface 
constitutes the more desirable smooth equivalent of a 
sequence of small abrupt transitions. The use of tapers 
also arises in passing from surfaces supporting strongly 
bound surface waves to surfaces supporting weakly 
bound surface waves. The relatively pure excitation of 


a surface wave is most easily accomplished on the 


~ former, while radiation proceeds most readily from the 


latter. 


* Received by the PGAP, March 15, 1960. 

+ Office of Naval Res., London, Eng. On leave of absence from 
Microwave Res. Inst., Polytechnic Inst. of Bklyn., N. Y., where this 
work was performed under AF Cambridge Res. Cntr. Contract No. 
AF-19 (604)-4143. ; , 

1. B. Felsen, “Electromagnetic properties of wedge and cone 
surfaces with a linearly varying surface impedance,” IRE TRANS. 
oN ANTENNAS AND PROPAGATION, vol. AP-7, pp. $231-S-243; De- 


cember, 1959, 


Surface wave antennas are commonly used to yield 
high-gain endfire radiation patterns. The radiation 
from any very long taper, over which the reactance 
changes slowly and monotonically from a fixed value 
to zero,’ is expected to be high-gain endfire; i.e., the 
pattern has a sharp maximum in the direction along 
the surface. However, the manner of decrease of the 
field intensity in the angular direction away from the 
surface depends on the functional variation of the sur- 
face reactance in the taper. Tapers having a suscep- 
tance which increases linearly with distance along the 
surface, as considered herein, can support a “surface 
wave” whose field intensity decreases exponentially 
away from the surface in an angular direction. How- 
ever, this exponential pattern is maintained only if the 
taper is infinite in length. To aid in the evaluation of 
the radiation from a finite taper, we consider below 
two junction effects which arise in practice: 1) the 
junction between a surface having a constant reactance 
X o<0O and the infinite taper having a variable reac- 
tance X(x) [Fig. 1(a)], and 2) the junction between the 
taper and a surface of zero reactance [Fig. 1(b)]. In 
both cases, a surface wave is assumed incident from 
the left.2 A practical arrangement comprising a com- 
bination of these two effects is also discussed (see Fig. 
9). The surface reactance in Fig. 1(a) is seen to be 
continuous at the junction point x=a, while that in 
Fig. 1(b) is discontinuous at the junction point «=). 
An approximate analysis of these junctions is carried 
out below. As a preliminary we first recall some of the 
properties of the infinitely long taper. 


X= ai X (x) = Xo my 
2 


a 
(a) 
\ =10 
x 
b 
(b) 


Fig. 1—(a) Junction between constant and tapered reactive sur- 
faces; (b) junction between tapered reactive surface and perfect 
conductor. 


2 This variation is appropriate to surface waves whose only mag- 
netic field component is parallel to the surface. Only this polarization 
is considered henceforth. 

3 For effects of radiation from the feed, not considered herein, see 
F. J. Zucker, “A surface wave antenna paradox,” presented at URSI 
Fall Meeting, Pennsylvania State University, Pa.; 1958. 
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Il. THe INFINITE TAPER 


Consider the plane surface shown in Fig. 2, along 
which the surface impedance z (normalized to the 
impedance of free space) varies like z= —7/kcx, where 
k is the free-space wave number, c is a constant with 
Im c<0, Re c>0, and x is the rectilinear variable along 
the surface. The origin x =0 is assumed to be situated 
somewhere to the left. In view of the assumed time 
dependence exp(—iwt), the reactive part of the surface 
impedance is inductive; if Im c=0, the surface im- 
pedance is purely inductive. (Such a reactive surface 
can be realized approximately by closely spaced metallic 
corrugations whose depth is chosen so as to produce 
the desired reactance variation). It was shown in (4) 
and (20) of the previous paper! that the variable im- 
pedance surface in Fig. 2 can support a “radiating 
surface wave” whose only magnetic vector field com- 
ponent H is directed parallel to the z axis and varies like 


e = (0, $), (1) 


where p and ¢ are cylindrical polar coordinates meas- 
ured from the origin x=y=0 and H,™ (x) is the Hankel 
function of the first kind of order vy and argument x. In 
this expression, it is assumed that Re (1/c) is large 
enough so that terms of O0[exp (—27/c)] are negligible 
(this corresponds to an assumed wedge angle a=7 in 
(18) of the earlier work'), and that all sources are 
situated to the left of the observation point; 7.e., the 
wave is propagating to the right. It was noted pre- 
‘viously [discussion following (20)]! that the above 
surface wave can be excited in pure form by a source 
distribution having a dependence exp (—¢/c) over any 
cylindrical surface surrounding the origin. Once excited, 
the surface wave will maintain its form indefinitely; if 
the taper is infinitely long, the variation of the far 
magnetic field is obtained from (1) by employing the 
asymptotic form of the Hankel function: 


(9) * e-*!*H_5).5 (Rp), 


etke 
ENC daa os 
Vkp 


ip —> (con (2) 


so that exp (—¢/c) constitutes the angular radiation 
pattern of the infinite taper when excited in the surface 
wave mode only. We note that the field decays the 
more rapidly away from the surface the smaller the 
value of c, t.e., the more slowly the surface admittance 
1/z increases. 


III. Junction BETWEEN CONSTANT AND 
TAPERED REACTIVE SURFACES 


A. Formulation and Assumptions 


We proceed now to an approximate analysis of the 
radiating properties of the configuration shown in Fig. 
1(a), when excited by a surface wave incident from the 
left. The magnetic field of this incident wave has only 
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a z component and is assumed to be given by: 


— kXo, ko = Vk? + 10” (3) 


Hy(0) == ero e— 104, no = tR29 = 


where y is the direction perpendicular to the surface, 
and z)=iXo is the constant (purely reactive) surface 
impedance normalized to that of free space. [A con- 
stant factor Ao denoting the strength of the incident 
magnetic field in amperes per meter (MKS units) has 
been omitted from (3) for the sake of simplicity. ] Since 
the surface is inductive, Xo<0 and m0>0. It is well 
known that (3) constitutes a solution of the Maxwell 
field equations in the presence of a surface with con- 
stant reactance Xo. [As noted previously, a time de- 
pendence exp (—iw#) is implied throughout. ] Because of 
the symmetry of the incident field with respect to the 
configuration in Fig. 1(a), the problem is independent 
of the z coordinate and can be described everywhere in 
terms of the single (z) component of magnetic field. 

To evaluate the magnetic field H(@) to the right of 
the junction, we construct the auxiliary region S de- 
picted in Fig. 3, bounded by the curves 5, Se, s3, and 
sa, for a subsequent application of Green’s theorem. s; 
is the semi-infinite segment of the x axis occupied by 
the tapered reactive surface. s2 is a quarter circle of 
radius a centered at the origin x=y=0. sg is the seg- 
ment of the positive y axis lying between y=a and y= ~. 
S4 1S a quarter circle of infinite radius centered at the 
origin. It is to be noted that the choice of the origin in 
Fig. 3 is dictated by the value of a, which in turn is 
specified at the outset as part of the boundary condi- 
tions on the tapered reactive surface. The choice of a 
determines the rate of impedance variation along the 


< 


-—--—— x 


Fig. 2—Variable impedance surface. 


Fig. 3—Auxiliary regions for use in Green’s theorem. 
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taper as evident from the equation 


a 
X(x) = Xo—- (4a) 
| Ge 
In terms of the parameters employed previously! and 
shown on Fig. 2, we note that for a purely reactive sur- 
face, 

—1 


X (x) = — iz(x) = fi 
Ge 


Geer 05 (4b) 


whence the relation between the taper parameters a and 
cis 
all | 
c= . 
kcXo 


(4c) 


Green’s theorem, as applied to the magnetic field 
H(g) and a Green’s function G(@, 9’), is as follows: 


f LH()(0" + F)G(o, 0!) — Glo, e')(V2 + #)H(e’)]as’ 


0 0 
a g EG ~ Glee’) — Glee) 5, 


11(9') | (5) 


where s=s,+52-+53-+54 and » denotes the outward nor- 
mal. Now H satisfies the wave equation 


(v2+2)H =0in S, (6a) 


the radiation condition 


a) / 0H. 
vo (~~ - int) —0 as p— on 54 (6b) 
P ; 


and the impedance boundary condition 


<a e) : eae 
E, ik \/~ = ae = ikz(p)H on 53. (6c) 


mn n 

The first equality in (6c) is a consequence of the Max- 
well field equations. /e/u represents the admittance of 
free space. It is convenient to choose a Green’s function 
G which satisfies the inhomogeneous wave equation 


(V2 + k)G(g, 0’) = — 6(e — e’) in S, (7a) 
the radiation condition 
_/{0G 
v/p G — inG) —0 as p— © on %, (7b) 
p 
the impedance condition 
— = ikz(p)G on 351 (7c) 
on 
and the Dirichlet condition 
G = 0 on 38». (7d) 
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The behavior of G on s3 is left unspecified for the mo- 
ment. Upon taking account of (6) and (7), (5) reduces 
to: 
: (6) 
Ol H(0’) amr G(o, 9’) ds’ 


Sots3 
/ d / y 
— | Glo, eo’) — H(e')as’. (8) 
ah on 


We now make the following assumptions in the 
formulation: 


1) The actual magnetic field H(g) on sz and 53 is 
approximated by the incident magnetic field 
Ho() given in (3). 

2) Terms of O(e**), Xo<0, are negligible as com- 
pared with terms of 0 (1). 


The first assumption is based on the known fact 
that the reflection from a small discontinuity in surface 
impedance is very small.‘ In the junction problem con- 
sidered here, the surface impedance is actually con- 
tinuous at x=a and the discontinuities occur only in 
the derivatives of the surface impedance. By choice of 
the parameter a in (4a) reasonably large to assure a 
gradual taper (this is the only type of taper to be con- 
sidered), the discontinuities in the derivatives of 
z(x) at x=a can be made small so that the reflection 
from the junction produces a negligible effect. Thus, 
the actual field in, and to the left of, the junction plane 
is well approximated by the incident field as stated in 
assumption 1). The second assumption is consistent 
with the first in that it also applies for large enough 
values of a. For example, if we employ the criterion 
that values of (—RkX oa) >7 are satisfactory [exp (—7) 
=(.00091 ], we require a>3.5\/(—Xom), where \= 2a/k 
is the free-space wavelength. 

Since y>a on s3 in Fig. 3, and since Ho in (3) varies 
like exp (—noy), No= —RkXo0, we note that the integrals 
over 53 are 0 [exp(—noa) | and therefore negligible under 
assumption 2). Thus, we obtain the approximate ex- 
pression: 


r/2 0 
H(e) SS of eikoe cos ¢’/—noa sin ( G(o, “) 
0 dp’ 


The specification of the Green’s function G as in (7) is 
not unique since no statement was made as yet about 
its behavior on s3. However, from the above considera- 
tions, the contribution from the integrals taken over 
ss in (8) is neglected, and we now choose that Green’s 
function G defined in S which satisfies conditions (a)= 
(7d) and simplifies as much as possible the evaluation 
of the integral in (9). The most suitable choice appears 


d¢’. (9) 


p’=a 


4A, F. Kay, “Scattering of a surface wave by a discontinuity in 
reactance,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. 
AP-7, pp. 22-31. (66)—(69); January, 1959. 
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to be that appropriate to an infinitely extended angular 
domain, i.e., one in which the ¢ variable is defined in 
the interval 0<¢< «©. For the case where the radial 
domain extends from p=0 to p=, such a Green’s 
function (remaining finite at p=0) has been given (in 
(21) of the earlier work)'. The present problem re- 
quires instead the boundary condition (7d) at p=a. 
By an obvious modification of the radial Green’s func- 
tion g, in (24)! to meet condition (7d), we obtain: 


G(o, 0’) = 2ne"Ft#Z, (0, p’; —tm) 


1 2) 
+ — 


2rd o 


te 4 
enone + e-ine-9") se ay 


civ(oto’) 
in) 


i) 


enters | ilo p’;u)du, (10) 
+ 1m 


where n=1/c=—ka Xo and 


_Iulka) 
H,, (ka) 


A Vf ue / 
&,(p, p'5u) = o Julio aa 


p> ip. (1Ga) 


For p’>p, p and p’ in (10a) are interchanged. 
We note from (10a) and the value of the Wronskian 
for the cylinder functions that 
08, 1 H,? (kp) 1 HR (kp) 
a H, (ka) a H_, (ka) 


(11) 


Op! |p'—a 


The second equation in (11) follows from the first in 
view- of the property H_, (zs) =e""H,(z). Upon 
substituting (11) into (10) and introducing the change 
of variable 1. —y in part of the integrand, we obtain 


3 See) 
heat G(o, 0’) = 2H e-1(¢+¢’) Hig (Ro) 
Op’ p’=a a Hoe) (Ra) 
1 rs . (1) 
ia | ene-e9 at AA cutesy [oe du. (12) 
DI. os — tn H, (ka) 


Substitution of (12) into (9) and a permissible inter- 
change of the orders of integration leads to the desired 
formulation:, 


H_iy (kp) 
H_;,” (ka) 


e%K0a L-} aie “ 
ae f evs] On, iu) + =" Of, ~in) | 
T J 2 M— 


H, (kp) 
H,(ka) 


H(o) =e” e**022n0(n, ) 


(13) 


where 


m/2 
Q(n, w) = f e7 t2K0 sin” (¢’/2)—n sin o/—wd' dg! (13a) 
0 
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and ka =ka(1t+Xo*)”?2, n= —kaXo. The first term on 
the right-hand side of (13) represents the surface wave 
guided by the taper [see (1) ], into which mode we seek 
to convert as much of the incident energy as possible. 
The integral represents the additional contribution 
which arises because the incident field over the surface 
sy in Fig. 3 departs from the exp (—n@) dependence re- 
quired for the establishment of a pure surface wave 
along the taper. 


B. Approximate Field Evaluation 


It does not seem possible to evaluate the integral in 
(13a) exactly in terms of known functions. However, 
an approximate evaluation can be carried out based on 
the assumption that 7 is large. As ¢’ increases away 
from zero, the integrand is both exponentially damped 
and rapidly oscillating (mote: w is either positive real or 
imaginary); therefore, its maximum contribution arises 
from the vicinity of ¢’=0. An asymptotic evaluation of 
the integral in (13a) for large values of 7 can be carried 
out by various means. By what appears to-be the most 
direct approach, we approximate sin? (¢’/2) and sin ¢’ 
by (¢’/2)? and ¢’, respectively. The resulting integrand 
then contains the factor exp (—7¢’). If the upper limit 
on the integral is now taken as © instead of 7/2, the 
error is O[exp (—n7/2)], which is neglected in view of 
the assumption made in the preceding section. Thus, 
we obtain the approximate expression 


ee =| Greet IE re dee (14) 
0 


Upon completion of the square in the exponent of (14), 
the integral can be written in the form 


Qt, w) = of e~ be’)! ae n as w ; 
; +/ 2ikoa 
1K0a 
: ar (14a) 


which in turn can be expressed in terms of the error 


function complement 
2 ve} 
2 2 
== EF f e ily. 
UKoad Y 


For large values of y, Q(n, w) in (14b) can be repre- 
sented via the asymptotic expansion for the error func- 
tion complement as® 


1 E Lite 3 : 1 
n+ w 2y? 2 i) oo 


® W. Magnus and F. Oberhettinger, “Special Functions of Mathe- 
Horan Physics,” Chelsea Publishing Co., New York, N. Y., 96; 


Q(n, w) = (14b) 


Q(n, w) ~ 


Tt Pl ae ERO 


ee Nee ee Np pe ee a 


ee cee 
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- Thus, the amplitude factor appearing in the surface- 
wave term in (13) is given for large values of 7 ap- 
proximately by: 


1K0a 3(koa)? 
20a, n Lo = 16 
Q ,n) An? 16m! ( a) 
av 3v? 


ce oe 
AkaX,2 » 16(ka)2Xo! 


y= VJ/1i+ Xo. 


We note that the criterion for the validity of the asymp- 
totic expansion in (16b) is not merely that 7 is large, but 
-more precisely that kaXo.?= —7Xo is large. 
Since ka is large and kp>ka, we will have occasion 
to employ the Debye asymptotic formula for the 
Hankel function® 


(16b) 


H,(y) ~ /— giv [cos v+(y—r/2) sin vin /4, 
my cos 


(17) 


f Vv 
sin y = —» 
». 


valid for large y with (y—v) >0(y-?*) when y>v and 
y, v are positive, and valid for all imaginary values of » 
when y is positive. Thus, we find that 


H_j,(k av 
pcs VP) = expik 4p — av + iaXs 
H_i,“ (ka) po 


| sin (=) ee «xo | (18) 


where d= [1+(aXo0/p)?]!/?. For far field observations, 
p— ©, the above expression reduces to 


5G) aay 
A-in (kp) As (/~ eikeg—ikalvtixo sin! (iXo)] 
H,,“)(ka) p 


Se), (18a) 

We verify first that, for the limiting case a>, the 
result in (13) reduces to that for a constant reactive 
surface as given in (3). This transition is achieved by 
moving the origin in Fig. 3 toward — ~ and leaving the 
points x=a and P fixed. Thus, a/p—1, $0, ap—y, 
p—x. From (18) we find that 


Ha) (kp) 
H_in\? (Ra) 


iK(e-ao, go, p>a, (19) 


while from (16b), 27 Q(n,.n)—1. Thus, the surface-wave 
term in (13) reduces to that in (3). The contribution 
from the integral in (13) tends to zero as a © because 
of the vanishing of the terms inside the square brackets 
in the integrand. - 


8 Tbid., p. 23. 
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Concerning the integral in (13) we ascertain its be- 
havior for large values of ka from a stationary phase 
evaluation.” For simplicity, only the far field at p> 
will be considered. From (14) and (15), one notes that 
Q(n, tip) is a slowly varying function of u which has no 
singularities on or near the path of integration (at 
least, for large 7). Thus, the possible saddle points of 
the integrand are those arising from A=exp (ind) 
Ai, (kp) /H, (ka). In the range |u| <ka, the ratio of 
Hankel functions can be approximated using (17); a 
saddle point of A is found to exist at u,=ka sin ¢. In 
the range | | >ka, the appropriate Debye representa- 
tion for H, (ka) is employed and reveals no saddle 
point. Thus, we obtain for the first-order asymptotic 
representation of the integral 


males ey (20a) 
= etee ——_______ ; 
ar ee i 
as p— © and for large values of ka, the result 
eileen se 
I~ — = V2 ka cos de 8 $*/4f(Ra sing). (20b) 
V kp 


The magnetic field in (13) can now be expressed 
approximately via (16b), (18a) and (20b) for p> as: 


oe (¢) + H-(¢)] 
JVkp Teach 


where H,(¢) denotes the surface-wave contribution ° 


{ (21a) 


while H,(#) represents the contribution from the con- 
tinuous spectrum 


H(9) ~ - (21) 


H,(¢) = »/ kav e—i1 sinh! Xog—nd 


[1+ iv SU. 4 
4nX 0 1672X o? 


Xv 
/ 2a ka 
(sin 26)(Xo + isin ¢) 
| (Xo? + sin? $)? I 


etka (v—cos o)—in/4 


H.(o) == 


(21b) 


It is recalled that 7 = —kaX0, X0<0, and v= (1 +X 97) 72. 
Eq. (21) applies for large values of ka, with —kaX also 
large. Concerning the dependence on ka, we note that 
H,(¢) is 0[(ka)—/?] as compared with H,(¢). The mag- 
nitudes of H, and H, are given by: 


5v? 
~ ./kav e-”? ee a. (22a) 
ec 2" | 32(nX0)” 
| Paem ee sin 2 (22b) 
men Ia ko (Xo? + sin? o)*” 


7 See, for example, N. G. de Bruijn, “Asymptotic Methods in 
Abalysic,” Pe cence Publishers, New York, N. Y., sec. 5.7; 1958. 
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Viewed as a function of ¢, H.(@) has its maximum 
value in the endfire direction ¢=0, while H,(@) con- 
tributes side-lobes which have a maximum for some 
finite value of @. We note from (22a) that | Hs 
= \/kav {1 —5v?[32(nX0)?] 1}, while for —Xo>1, a 
crude estimate yields from (22b): 


max < W2/x 0/(RaXo'). 


max 


| H. 


Plots of (22) as a function of ¢, for various values of 
ka and Xo, are shown in Figs. 4 and 5. In Fig. 4, a fixed 
value ka = 20 is assumed and (— Xo) ranges from 0.3 to 
2 (ka =20 implies that a=10d/1~3.2A, 1.¢., the surface 
reactance in the taper decreases in absolute value by a 
factor of (1/2) over an interval of 3.2). For (—Xo) =0.3, 
0.5, 1, the relative side-lobe level | H.| max?/|H. 
respectively, 0.04, 0.0015, 0.00003. This decrease in the 
side-lobe level with increasing (—Xo) is to be expected 
since the larger (— Xo), the more tightly bound is the 
incident surface wave and the less is the radiation due 
to the junction discontinuity. Similarly, we note from 
Fig. 5 that, for fixed Xo, the side-lobe level decreases 
with increasing ka, 1.e., for more gradual tapers. It is 
also evident that the surface-wave pattern becomes 
sharper when either ka or (—Xo) (i.e., ) is increased. 


mae 1S; 


C. Radiated Power 


It is also of interest to evaluate the fractions of inci- 
dent power carried by the surface wave and the con- 
tinuous spectrum. We recall first the relation between 


Ey and H: 
ier) oo 
Li = (23) 
1R € Op 


The power per unit length along the z direction (see 
Fig. 2) radiated through a quarter circle of infinite 
radius is given by 


a /2 
Po Re f E;H* pd, p— @, (24) 
0 


where the asterisk denotes the complex conjugate. 
Upon inserting the expressions for FE, and H |see (23) | 
from (13) into (24) and carrying out the ¢ integration, 
we find, upon neglecting terms of 0(e-”), that P can be 
written as 


ed I Ce ween (25) 


where P, is the power carried by the surface wave and 
P, is the power in the continuous spectrum. This 
observation could have been anticipated from the results 
of (21) in the previous paper,! where it was shown that 
the surface wave mode is orthogonal to the continuous 
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Fig. 4—Radiation from junction between constant 
and tapered reactive surfaces. 
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Fig. 5—Radiation from junction between constant 
and tapered reactive surfaces. 
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spectrum.’ P, is evaluated readily upon substituting 
from (21) and (21a) into (24): 


P,& # ——_|1-=(=)+---], 
€ —2kXo 16 nXo 
Xo <0, (26) 
where terms of 0(e~") have been neglected. 
To calculate the incident power P; (per unit length in 
the z direction), we note that E, is given in terms of 


Hy in (3) by: 


a A OH) Ue 
| Peiariy = \/* vHo, (27) 
en tk 0% € 


so that 


ro) aie v 
Pr= Re f B,Hstd = 28 
ee ope ee) 


(Concerning dimensional units, it is recalled from the 
comment following (3) that (28) should actually be 
multiplied by Ao? (amp?/meter”), yielding for P; the 
dimensions watts per meter.) The fraction of incident 
power carried by the taper surface wave is therefore 
seen to be 


aoe 4 5 ( v i 
Boot. 16\nXo 


v 
+ (higher-order terms in ( )). (29) 
Xo 


Since (P,+P.) must be approximately equal to P; 
(note: the reflected power has been neglected), one 


_ obtains directly the relative power in the continuous 


spectrum 


(30) 


Re 5 v\? 
Stee = ( + 
P; 16\nXo0 


A plot of (P./v*P:) vs (nXo) is shown in Fig. 6. For 
(=X ,) <1, 4¢., 0? S2, the relative power carried by the 
continuous spectrum is seen to be less than 1 per cent 
when (—7X0) >8. 


IV. JUNCTION BETWEEN TAPERED REACTIVE SURFACE 
AND PERFECTLY CONDUCTING PLANE 


This junction, depicted in Fig. 1(b), arises when the 
tapered reactive surface is terminated in a perfectly 


8 For a lossless surface (» positive real), orthogonality between 
mode functions implies power orthogonality as well. This statement 
does not apply for lossy surfaces, although other considerations in 
this paper hold also for lossy structures, 7.¢-, complex . 
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Fig. 6—Relative power radiated in the continuous spectrum. 


conducting plane. If the variable reactance along the 
taper is given by X(x) =X a/x,® the reactance at the 
junction point x=6 is X(0) =X a/b. [See (4c) for the 
relation between the taper parameter (Xoa) and that 
for the infinite taper, c, as in Fig. 2.| For use as an 
effective endfire antenna, the taper should be long enough 
to permit almost all of the energy to be radiated off 
before it reaches the termination. Thus, X (0) is assumed 
to be very small so that the discontinuity in reactance 
at the junction point is likewise small. Consequently, 
we assume as in Section III. A that the field to the left of 
the junction in Fig. 1(b) can be approximated by the 
incident field only. 

An approximate formulation for the field to the right 
of the junction plane in Fig. 1(b) can be carried out by 
applying Green’s theorem in (5) to the region shown in 
Fig. 3, provided that a is replaced by b, Xo by X(x), 
and X(«x) by X =0. H satisfies (6) except that 0H/dn=0 
on s1. Upon choosing a Green's function G as in (7), but 
satisfying on s; the condition dG/dn=0, we find that 
the magnetic field H in S is still given by (8). If we now 
assume, as mentioned above, that the magnetic field 
on so and s3 is approximated by the incident magnetic 


9 In the present discussion, Xo represents the surface reactance 
at any selected point «=a on the taper. 
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field in the taper 
H4(e) 
Nn — 


6 Ho”) (hp)) Ha has 
— kaXo, Xo < 0, 


(31) 


and if terms of 0(e~*) are neglected, we obtain the ap- 
proximate expression: 


H_i,(kb) er? 


Ge 
(e) H_iy‘? (Ra) 0 


ce) 
ew Gle,0)| do’. (62) 
dp’ p’=b 
1/H_;,°? (ka) in (31) serves as a convenient normaliza- 
tion factor. The required value of [0G/dp’|,-s is ob- 
tained by letting 70 and a—b in (12); 


C) 
) 
Op’ p’=b 
co H (1) k 
2rbJ —.» H, (kb) 


and comprises contributions from 
spectrum only. This is to be expected since the per- 
fectly conducting plane cannot support a surface wave. 
Upon substituting (32a) into (32), interchanging the 
orders of integration, evaluating the ¢’-integral, and 
neglecting terms of O(e~), we find that 

9 Hig™(kb) 7° 


Ho) = 


we Ke) eek 
ete 
T H_,, (ka) =00 


Hy (8b) + 8 


du. (33) 


A first-order asymptotic evaluation of the integral in 
(33) for large values of (kb), with p—~, is carried out 
directly via (20) and leads to the following result for 
the far magnetic field: 


elke / 2 Ain) (RD) 
a nm Hin (ka) 

nkb cos @ 
n? + (kb)? sin? 6 


H(9) ~ 


a e_ ikb cos ¢—in/4 


(34) 


Upon employing the asymptotic formula (17) for the 
Hankel functions we obtain for the magnitude of H(0): 


- <8 ee —aX cos ¢ 
Vkp\1 + a2 Xo? 7 sin? $ + (aX)? 


(35) 


It is of interest to compare the radiation pattern in 
(35) with that obtained from an approximate analysis of 
a junction between a surface with constant reactance 
X and a perfectly conducting plane, as shown in Figa. 
A surface wave as in (3) is incident from the left, and 
we assume that the magnetic field in the x=0 plane 
is approximated by the value of the incident magnetic 
field, exp (—noy), no= —BXo, Xo<0. Then, by an ap- 
plication of Green’s theorem to the region x>0, »>0, 
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Fig. 7—Junction between constant reactive 
surface and perfect conductor. 
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where G is the well-known Green’s function for the 
quarter-space region x>0, y>.0, satisfying the condi- 
tions G=0 at x=0 and 0G/dy=0 at y=0: 


(36) 


1 ea) 

G(oe, 0’) = —{ [eiH(y-v’) + etityty')] 
Daecy) ase 
pb AMEN eiVh?—y? (c+2') 


= Qin/ k? = jig: 


du. (36a) 


The square root is defined to be positive when |u| <k: 
and positive imaginary when | | >k. Upon performing 
the y’ integration and evaluating the pu integral by the 
method of stationary phase, we obtain for the far field: 


etke Open. —X cos¢ 
Am —=f/ > Ett yp ce 
V/ kp 1 sin? ¢ + X,? 


Comparison of (35) and (37) shows that the struc- 
tures in Fig. 1(b) and Fig. 7 have approximately the 
same radiation pattern, provided that the constant re- 
actance Xo in Fig. 7 is made equal to the reactance 
X(b) =aX> at the junction of Fig. 1(a). Since an exact 
analysis of the junction in Fig. 7 is available in the 
literature, it is possible to compare the approximate 
far field expression in (37) with its exact value,® 


(37) 


2X 7v cos? (¢/2) 
w(1 + v)(v — cos )(Xo? + sin? $) - 


2m 


kp| Hes 


y= /J/1+ X°?. (38) 
The radiation patterns resulting from (37) and (38) 
are plotted in Fig. 8 for various values of Xo. One notes 
that the patterns. agree closely over their dominant 
portion when (— Xo) <0.1. A requirement (—aXo) <0.1 
is not unreasonable if a narrow endfire pattern is to be 
achieved. hid 


One can also compare the radiated power obtained 
from (37), 


sean ae » 1 
Pea gl [| atnde = 4/* =, 
( 0 c 2kvX 9 


(39) 
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Fig. 8—Radiation from junction between constant reactive surface 
and perfect conductor; comparison of approximate and exact re- 
sults. 


with the incident power in (28).!° The two results agree 
very closely for small values of Xo, thus verifying that 


_ the reflected wave contribution in Fig. 4 is indeed 


negligible. The same statement then applies to the 
junction in Fig. 1(b) if (—aX») is small. 


V. FINITE TAPER 


The preceding considerations permit us to make a 
few remarks about a taper of finite length as in Fig. 9. 
The taper (region II) is situated between a surface 
with constant reactance (region I) and zero reactance 


~ (region III). A surface wave is assumed incident from 


the left. If the taper is gradual (ka large) and long 
enough to make Xoa/b=aX» small, the following ob- 


~ servations can be made: 


1) Because of the junction at =a, the incident sur- 
face wave excites in region I] the taper surface wave 
mode plus a continuous spectrum [see (13) and (21) |; re- 
flection back into region I is expected to be negligible 
since the surface reactance is continuous at x=4a and 


10 The integration in (39), with (37), is performed readily by 
changing to the complex variable zg via z=e'®. (See A. F. Kay, op. cit.) 


Then, 
f r/2 cos? ¢ ge : f 
4/2 (sin? o+ Ge 4J<C 


where the closed contour C consists of the segment of the imaginary 


axis lying between s= —7 and «=i and the semicircle of unit radius 


passing through z=1. The integral is then evaluated in terms of the 
residue at the double pole z=v—Xo. 


(i+ 2)? Ps 
[ (2? —1)?— 4X 922? 2 z 
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Fig. 9—Finite taper. 
the discontinuity in its rate of change per wavelength 
is small 
ep ] 
ka | 


2) Since the continuous spectrum in region II 
vanishes on the reactive surface [see (21b) |, it will be 
affected negligibly by the junction at x=); thus, the 
discontinuity in reactance at «=0 is excited only by the 
taper surface wave. The reflection from this junction 
is negligible since aX is assumed small. 

3) The radiation field in region III consists of the 
continuous spectrum excited by the incident taper 
surface wave [see (34) and (35)] plus the continuous 
spectrum resulting from the junction at «=a." The 
former yields an endfire pattern, while the latter con- 
tributes sidelobes at some finite elevation from the 
surface. 

Upon combining the results in (21) and (34), we then 
obtain the following approximate expression for the 
far field in region III due to the surface wave (3) in- 
cident in region I: 


| 1/2 ax()/dr| me = 


e* (kp—m /4) 


A ya po, (40) 


[Hi(¢) + H2(9)], 


where H;(¢) is the primary pattern function 


2av iv 
ee 
rv’ nXo 


7 eikb(v’/—iaXo [sin (iaX9)—sin 2 (iX0)]—cos $} 


302 | (—aXo) cos¢ 
16n?X 021 (wXo)? + sin’ ¢ 
(40a) 


i,= 


while H2(#) represents the sidelobe pattern 


ms Ve (—Xqv) (sin 26)(Xo + isin ¢) 
oa) (Xo? + sin? ¢)? 


7 ka 
(40b) 


i eika(v—cos >). 
We have defined 


may te Xe, vt — v1 + (aXe)*, a= — kaXo> 0, 


Reig alee, (40c) 
5 


1 As pointed out previously, the feed radiation pattern is not 
considered herein. 
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In obtaining (40a) from (34), we have approximated 
the ratio of the Hankel functions by its asymptotic 
form as in (18), and the factor 2nQ(y,n) from (16b) as 
well as the factor exp (tkva) has been included to make 
the taper surface wave in (31) correspond with that in 
(13), as appropriate to the excitation in (3). The 
magnitude of AH is evidently given by (35) provided 
that we multiply that equation by 


Vkp (1 os ) 

: Sonex) 
the magnitude of Ae is given in (22b). 

The above considerations concerning radiation from 
the finite taper shown in Fig. 9 can be summarized as 
follows: 


1) The primary radiation pattern is approximately 
the same as that arising from a terminated surface with 
constant reactance aXo, where aX is the surface react- 


ance at the endpoint of the taper. The smaller aXo, the 


sharper the pattern. 


2) Sidelobes are caused by the junction effect at 
x=a in Fig. 9. If —Xo>1, a crude estimate yields for 
the maximum sidelobe level: 
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[see (22b)]. 


2 ce 
| Hs | max < ve kaX 4 


The maximum main lobe level (at ¢=0) is obtained 
from (40a). Thus, for —Xo>1, the relative sidelobe 


level 


| Hp oe —1 (1 5 v 


< Vow'a ), (41) 
Hil oe ee Nas eae 


3) The required minimum physical length of the 
taper is a function of both a and Xo. Suppose that we 
specify (—aX ) at some small value (say, less than 
0.1) in order to obtain a sufficiently sharp pattern. 
Suppose also that Xo is given (e.g., —X >0.5); the 
value of a is thereby determined. We now choose 
ka=27a/X such that the sidelobe level is below some 


specified maximum value. Then the length of the taper 


in wavelengths is (b—a)/A=(a/d) [1/e) —1]. If (—Xo) 
is large, (a@/)) can be relatively small; but a must then be 
correspondingly small to yield the desired terminal 
reactance (—aX). Conversely, if (— Xo) is small, 7.e., a 
is relatively large, the taper must be made more gradual 
and requires a larger value of (a/A). There appears to 
be no obvious combination of a and Xo which minimizes 
the taper length. 
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Summary—Formulas for the ratio n of received to transmitted 
power are examined for microwave aperture antennas at any range. 

It is shown that with optimum aperture illuminations the far- 
field range equation continues to hold fairly well in the near field 
down to a distance at which it implies that nearly all the transmitted 
power is received! However, the aperture illuminations with maxi- 
mum 7 (nearly 100 per cent) are different from the uniform, con- 
stant phase illumination which is optimum in the far-field case. The 
optimum near-field illuminations not only have the phase variation 
associated with elliptic rather than parabolic reflectors but they also 
have some amplitude variations. Some simple illuminations which 
can be realized practically by lenses and dishes are shown to be 
sufficiently close to the optimum cases for most practical purposes. 

A formula for the power density in the near field of a trans- 
mitting aperture is also derived and it is shown how to maximize 
the power flow through any given area of space by design of the 
transmitting aperture illumination. 
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I. INTRODUCTION 


ET 7 be the ratio of received to transmitted power 

Ir in a one-way system. We refer to n as the path 

efficiency and —10 logion as the path loss in db. 

If the transmitting and receiving antennas have aper- 

ture areas Ay and Apr, aperture efficiencies nr and nr, 

and are separated by a distance Rp at a wavelength X, 
then in the far field 


ArAr 


n -—4 __———_ 
Ro? 


(1) 


‘pe = 17 p 
This is the far-field range equation. 

Several forms of a near-field range equation are avail- 
able in the literature [1 ]- [4]. The report [5], on which 
this paper is based, has shown the equivalence of some 
of these expressions and has derived some new forms. 
It also considers the effect on these formulas of per- 
mitting supergain antennas. The question of super- 
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gaining is related to the validity of the far-field range 
equation (1). This fact may be seen from a consideration 
of two antennas of fixed aperture size, one transmitting, 
the other receiving, placed so far from each other that 
the far-field range equation (1) would ordinarily be pre- 
‘sumed to hold. Now if the aperture illuminations of 
either (or both) antennas are changed so that, by means 
of supergain distributions, the gain or gains of the an- 
tennas increase indefinitely, (1) must ultimately fail, for 
not to do so would violate conservation of energy. 
Therefore as the gain of an antenna increases without 
limit in the supergain region, the far field must recede to 
infinity. Formulas for n, such as (22) or (25) of [5], valid 
in either the near or far field, continue to hold. But if 
 supergaining is ruled out (which is equivalent to as- 
suming that (6) is valid [5]), then a simplified formula 
for near-field gain, sufficient for most practical ap- 
‘plications, results. This formula is derived heuristically 
in the next section and is given by (8). One principal 
purpose of this paper is to examine this formula in the 
Fresnel zone in regard to the design of aperture illumi- 
nations for maximizing 7. 

Another important quantity considered, m, is de- 
fined as the ratio of the power transmitted through a 
give area A of space to the total power radiated by 
an aperture antenna. This is the key quantity if power 
is beamed not to a nearby receiving antenna but to any 
absorbing, reflecting, or scattering body which is char- 
acterized as absorbing, reflecting, or scattering a cer- 
tain ratio of the total power incident on it regardless of 
the phase or amplitude distribution of the field over the 
body. Without supergaining, it is shown that 


7<m 


if the body is the same size as the receiving antenna 
(Ar=A). That is, an aperture antenna can not receive 
at its terminals more than 100 per cent of the energy 
which falls on its aperture without supergaining. A 
formula is obtained for the receiving antenna illumina- 
tion so that it can receive all of the energy which falls 
on it from a given transmitter. If the transmitting an- 
tenna also satisfies this formula, it will focus as much 
as possible of its energy on the receiving reflector. If 
both formulas are satisfied simultaneously, then: the 
path loss will be minimized and the efficiency will 
be close to the maximum possible, namely min 
{1,Arde/MRe}. The meaning of “close to” is made 
clear in the sequel. 

All of the considerations in this paper neglect multi- 
ple scattering between the antennas. In the case of 
principal interest where nearly all of the power trans- 
mitted is received on a direct path, there is necessarily 
little multiple scattering. 

In this paper an aperture antenna is defined as one 
which radiates only into a half space, say 2>0, and has 
a bounded aperture. The plane z=0 is then called the 
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aperture plane, and an area A’ in this plane is called . 
the aperture if it is the smallest area in z=0 such that’ 


the tangential E field of the antenna vanishes in z=0 
outside of A’. For example, a small slot in an infinite 
ground screen satisfies this definition. However, the 
small slot is not an antenna for which supergain can 
be neglected. 

The results in Sections V and VI and many of the 
results mentioned in this introduction are valid only in 
the Fresnel zone and the far field. The Fresnel zone is 
defined in Section V, and it is shown there that it in- 
cludes most of the region of interest outside the far 
field. It includes, for example, all of the ranges to which 
a paraboloid may be defocussed to obtain close to the 
maximum possible energy transfer. 


Il. NEAR-FIELD RANGE EQUATIONS 


In this section we give a heuristic derivation of the 
desired near-field range equation. 

Let P and P’ be general points in the receiving and 
transmitting apertures A and A’ respectively and let 
fr(P) and fr(P’) be the corresponding aperture illumi- 
nations. The field at P will be [6] 


é 


ikR 
f(P) = cof fo(P) Se ar’ (2) 
A’ R 
where R is the distance form P to P’ and ¢ is a pro- 
portionality constant. Thé received voltage V due to 
this field will be proportional to this field times the 
receiving illumination at P and will be the integral of 
contributions from all points P. Thus if co’ is another 
constant, 


eikR 


Voxe0 f fr(P)dP (i folP) — aP" (3) 


The ratio of received to transmitted power is then, for 
some constant ¢o’’, 


eik 


is fe(P)4P J. fr(P’) — i'l. (a) 


ad 
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We may evaluate co’ by allowing R to approach in- 
finity. For sufficiently large R we know that the far- 
field range equation (1) can be written in the form 


Grd? 
a SING . (5) 
169?Ro? 


where Gr and Gr are the transmitting and receiving 
antenna gains given by 
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An 


Pree ar’ 
A’ 


T= 


2 it | fr(P’) [2d P’ 


2 


Ar 


f _fa(P)aP 


(6) 


R= 


vf | fr(P) |2dP 


For large R, (4) becomes 


f fala 


2, 


; (7) 


i) = 


oF f fr(B’)aP" 
on 

Re A’ 

We may evaluate co’ by equating (5) and (7). Making 

use of (6) we obtain an expression for ¢o’’ which, when 

substituted in (4), yields 


2 


| [ terar J pe — ap’ 


pes ? 
nf | ialey a f _ [fale par’ 


which is the result that we desire. In [5] this equation 
is shown to be rigorously correct in the general case 
if the illuminations are properly interpreted as vector 
functions and if supergain is neglected. 


II]. ENERGy FocussED ON AN AREA AT ANy DISTANCE 
FROM AN APERTURE ANTENNA 


We derive a formula for the fraction , of the total 
power radiated by an antenna with aperature J’, 
which flows through a fixed plane area A of space, lying 
in the near (or far) field, parallel to the aperture plane 
of the transmitter a distance Ry from it. 

The power transmitted per unit area at a point P is 


2 
Te=c 


(9) 


eikk 
ie 
fp = 


where ¢ is a proportionality constant which will be 
determined by allowing R to approach infinity. In the 
far field, we know that 


P'\dP' 
ice | fsa ) 
4 Ro” 


2 


Tp (10) 


M2Ro? Hf | fr(P’) |2dP’ 


where Gr is the gain of the antenna. Comparing (10) 
with the asymptotic form of (9) we find that 
eikR 2 


dP’ 


| ye hase 


rf __ a(P) [eae 


Tp = 


(11) 
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The total power flow through the area A is thus 


ekk 2 


: fa PPS 


Toe 


ar 


(12) 
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IV. Minimizinc Pato Loss (GENERAL APPROACH) 


When the phase variation of e® can be neglected in 
the integrand of (8), in view of (6), the far-field formula 
(5) will continue to hold. Insofar as phase variations 
can be introduced in the distributions fr(P’), fr(P) to 
compensate for the variation in e“”, the path efficiency 
will also be increased. A simple picture shows approxi- 
mately what the optimum phase corrections in the 


apertures are and also points out that complete correc-. 


tion is not possible. 

Fig. 1 shows in section the two planar apertures with 
general points P’ and P in each, respectively, and dis- 
tance R= R(P, P’) between them. Associated with the 
phase of fr(P’) and fr(P) are the equiphase fronts 
shown schematically. The length of the line joining P 
to P’ which lies between the phase fronts is (apart from 
a constant) the electrical distance Rz(P, P’) given by 


arg fr(P) + arg fr(P’) 
k 


donge, KP E dk (13) 
for slightly curved phase fronts. 


receiving aperture 


oe 


— transmitting 
aperture 


phase front 


Fig. 1. 


From (8) it is clear that with any given |fr(P’) | and 
| fe(P) | the path efficiency will be increased if Rg is 
made constant with respect to P and P’ rather than 
variable. Thus ideally every point in the receiving 
phase front should be the same distance from every 
point in the transmitting phase front. This condition 
can be satisfied only for one point Py in the receiving 
aperture and one point Po’ in the transmitting aperture, 
and this comes about if the transmitting wave front is a 
sphere centered on Py and the receiving wave front is a 
sphere centered on Po’. Then ; 


Ru(Po, Pr) os R;z(P, Py’) 


= constant with respect to P and P’. (14) 
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Since only one point can be equidistant from all the 
points on a surface (which situation occurs only for a 
sphere where the point is at the center), R(P, P’) will 

not equal this constant for all P and P’. Thus a residual 
phase variation must remain. 

In the next two sections we shall examine the path 
efficiency formula in the Fresnel zone and determine 
mathematically how path loss can be minimized. It 
will be determined that (13) and (14) are generally, 
but not always, the conditions which optimize the 

_ phase of fr(P) and fr(P’) for minimum path loss. 


V. THE FRESNEL ZONE 


Let (7, @) and (7’, 6’) be polar coordinates in the re- 
ceiving and transmitting apertures, respectively. The 
Fresnel zone approximation is obtained from setting 


eikRo 
eik lr?tr!—2rr! cos (6—6’)]/2Ro 


5 R (15) 


which is a second order approximation in the phase 
and a first order approximation in the amplitude of 
e#R/R. The region of validity of this approximation 
may be estimated by requiring that the relative dif- 
ference between the exact and approximate values of 
e*k/R never exceeds a certain amount. The usual 
criterion is that no phase error greater than 7/8 be 
permitted. For gain, this is equivalent to a fractional 
amplitude error of 0.077 (Fig. 2). 


unit vector with 
max phase error with 
respect to paiene Deer 


reference line 


Le aoatri bution toward 
gain is .923 rather 
than 1.00 


Fig. 2. 


We shall assume that the 7/8 phase criterion and the 
equally significant amplitude criterion define the limits 
of the Fresnel zone. We shall now find these limits. 

_ For the present discussion we shall assume that the 
apertures A and A’ can be inscribed in circles of 
minimum radii 7) and 7’ and that the origins of the 
polar coordinates in these apertures are taken at the 
centers of these circles. We further assume that the line 
joining two centers is perpendicular to both aperture 
planes. In this case the phase error is maximized if 
6=6' +2, r=ro, and r’=ro’. The phase error is then 


ee b* 
a<m(viFe-1--) (16) 
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where 
ro+ ro! 
jis ii 
R (17) 
We require 
r 
Age a (phase criterion). (18) 


Similarly the amplitude criterion of Fig. 2 implies that 


Ro = 0.923./ Ro? + (ry + 7’)? (amplitude criterion). (19) 


In Fig. 3 we have plotted the curves defined by equality 
in (18) and (19) vs D/A and Ro/D?/X, where D=ro+7r)’ 
is the “average diameter.” Together with the curve 
Ro=2D?/X, which is, by the same criterion, the bound- 
ary between the far zone and the Fresnel zone, we 
obtain the complete boundary of the Fresnel zone. 
Below D/Ac9, the amplitude criterion is more severe 
than the phase criterion and it defines the lower bound- 
ary. The reverse is true for D/\ above this value. For 
further comparison, the Fresnel zone region for a phase 
error of \/32 and a comparable amplitude error is also 
shown. Polk’s criterion [8] for the Fresnel zone, a \/4 


phase error but no amplitude criterion, is also shown. 


and seems quite optimistic. Finally in order to give 
some further significance to these results the distance 
of one aperture diameter is indicated. We can make 
Table I from these results. 


ll 1.0 10 100 LOO Oma Dae 
IG) T T Tarik Tay T at (ass 3 TUN ¥ | a ae mi | THT | cal oe TUUTT oe tant hy 
Far Zone 


NGG 
/ 7 
Sa 


i, dl OD, 

/, 

- Uy 
ie 


ps 


: 
pe 
me el Oo a ae ee a a 


D2/A 
CM) ; 
: | 
Distance of ah Ie els 
One Aperture SA phase- V4] 
Diameter Sy 


O 
= 
T 


Fig. 3. 


TABLE I 
SMALLEST Ry (IN APERTURE DIAMETERS) IN FRESNEL ZONE 


D/» Polk’s Criterion d/16 r/32 

10 ies DAD) AT 
100 2.9 Sia ee, 
500 5.0 10.0 1225 


We see that only a few aperture diameters separation 
between antennas puts them in the Fresnel zone. 
Closer distances, besides requiring more difficult ex- 
pansions for approximations, imply more serious multi- 
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ple scattering effects and are fortunately not generally where 


as important as the Fresnel zone. 
In the Fresnel zone it is convenient to make the fol- 


lowing change of variables. 


Rk Ve : 
i = =p ES ihe 
Ro Ro 
The angles @ and 6’ remain unchanged, so that this 
transformation represents simply a change of scale. If 
a and a’ are the images of A and A’ under this change 


of scale and if p and p’ are points (p, 8) and (’, 6’) in 
the transformed planes, we set 


Racer GG) 


(20) 


fr(P)e*r Ro = g(p). (21) 
Then using (15), (20), and (21) in (8), we find 
| f senae f aloe o rrdp | 
2 =— - (22) 
ant {| sco") |?ap" f | ale) Pap 
Similarly from (12), in the Fresnel zone 
[ao] f perere om eras] 
1 = ———* (23) 


se [| 100") [ap 


Within the accuracy of the Fresnel approximation, if 
f(~’) is real, the transmitting antenna aperture phase 
front is a zone of the sphere centered on the receiving 
antenna, and if g(p) is real, the receiving antenna aper- 
ture phase front is a zone of a sphere centered on the 
transmitting antenna. We saw in Section III that this 
situation is generally the near-field phase error correc- 
tion which we desire for optimum efficiency. It turns 
out that in this case, 7 may be explicitly evaluated in 
terms of Bessel functions for a set of aperture illumina- 
tions which can usually approximate all commonly 
used tapers for circular apertures. Such illuminations 
are, namely, 


naceomlle- CY oe 
wy cooml (DY +e 


for any integers m and n and arbitrary constants c» and 
Cn. Using (24) in (21) and (22), we find that (22) re- 
duces to 


(24) 


te o?| I(m,n)+cnl (m,0)+CmI (0, m) +6menT (0, 0) |? 


Ge Ge 9 (25) 
Ca, 
2 m+1 


ace 
4m-+ 2 2 


Cn i 1 ) 
m+1 4n+2 


I(m,n) = f a — vray f x(1 — «)"Jo(oxy)dx (26) 


and 
i Rrory’ / Ro. (27) 
It is shown in [6] that 
m'‘n! min {m,n} (—1)/47 
I(m, aera 3 ; ; 
eee o* jo (mw — f) om — 9)! 
D n+m 
+ (-1)"Fealo)(=)"~ | 
o 
2 Lyi (2Y2F 
=n'm! >> = ee) ; g (28) 
jen Gor Mae 1) Mapa 
The cases m=n=0, 1, 2, and 3 and m=n=1, 


Cm = Cn = 0.462 (10-db taper) and c,=c,=0.111 (20-db 
taper) have been calculated, and 7 vs o is shown for 
these cases in Fig. 4. We find that in each case there is 
an optimum value of o for minimum path loss and that 
these minimum path losses are surprisingly small. A 
summary of the optimum values is given in Table II. 


6 q=o/4 (upper bound) 
[_ SLE ~2iFS 
KX ao 
~ Fae ee 
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= 
ms i) 
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aS 
a 
aS 
= 


Fig. 4. 
TABLE II 

Case : Minimum 
page, Em =Cn Opa Path Loss 

(db) 

0 0 oS 1.46 

1 0.462 3.3 0.38 

1 0.111 4.0 0.16 

1 0 4.5 0.16 

2 0 6.3 0.03 

3 0 8.3 0.01 


This table indicates the relationship that the more 
severe the taper, the larger the optimum o and the 
smaller the optimum path loss. This is reasonable since 
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greater tapers are somewhat equivalent to smaller 
dish sizes and also imply less importance for the aper- 
_ ture extremities where the phase errors are greatest. 
The existence of an optimum @ is perhaps somewhat 
surprising. This suggests that the simple phase correc- 
tion given in Section IV, which is nearly optimum for 
small values of ¢, may no longer be optimum in the 
nearer part of the Fresnel zone. Such a conclusion will 
be verified in the next section. 


VI. A. Optimum ILLUMINATIONS FOR MINIMUM PaTH 
_Loss BETWEEN Two ANTENNAS IN THE FRESNEL ZONE 
WITHOUT SUPERGAIN 


B. OrpTIMUM ILLUMINATION OF A SINGLE TRANSMITTING 

ANTENNA FOR MAXIMUM ENERGY RADIATED TO A 

IN THE FRESNEL ZONE WITHOUT 
SUPERGAIN 


Let us define the two-dimensional Fourier trans- 
forms in cylindrical coordinates as 


il 
BG a f (peter! 205 (0-0 dp 
Dawe 


1 
Fee) =—f sperm eeap, 2) 
2rd a 


Then (22) may be written in either of two forms as 


2 


| f orcap 
oo a 
af; | fo’) [Pap f | ep) |*dp 
2 
| f senewnar’ 
= : (30) 
i | (p’) |2dp" f | (p) |2dp 
. Schwartz’s inequality yields immediately that 
n < 1, (31) 
n S12, (32) 
where 
f Fo bap ff Le kay 
m1 - » m2 : (33) 


; [isles 


As already observed in (23), m is the ratio of power 
radiated through the area A to the total power radiated 
by the aperture 4’, and 1, the dual of m, is the ratio of 
power which the aperture A, if transmitting, would 
radiate through the area A’, to the total power radiated 
by A. Eqs. (31) and (32) merely state that, without 
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supergaining, the receiving antenna can absorb no 
more than all of the energy which falls on its area. _ 

We also find from the precise statement of Schwartz’s 
inequality, the condition under which equality holds in 
(31) and (32). If and only if for some constant co 


S(t") = coG(p’), if p’ is in a (34) 
where the bar means the complex conjugate, then 
U Jeti Be (35) 
Also, if and only if for some constant ¢y, 
g(p) = aF(p), if pisina (36) 
then 
7 = M1. (37) 


Thus (34) and (36) give the ideal distributions which, 
without supergaining, will enable the receiving an- 
tenna to receive all the energy which falls upon it and 
the transmitting antenna to transmit all the energy it 
possibly can onto the receiving aperture. From Par- 
seval’s equality we find that 


ik | F(p) |?dp 


a flewiar ae J |e ta 


where. the integrals “/,,” are taken over the whole (p, 6) 
and (p’, 6’) planes. Applying the elementary properties 
of integrals of positive functions to (38), we find that 


m1 = I, n2 < Up (39) 


if | G(p") |2dp" 


n ” (38) 


which is a restatement of conservation of energy. 
On the other hand, from (29) we may write (33) as 


2 
fa) f ponent way 
5 oe a a’ ; 


U7] (40) 
ant [| so") tap" 
Again applying Schwartz’s inequality we find 
fafa 
EA RE EN (41) 
ie Ar? Ar? 
so that, finally, from (20), (31), (32), (39), and (41) 
| f AA! 
n < min (m1, 72) < min ee : (42) 


If the areas A, A’ are inscribed in circles of radii 79 and 
ro from (27) and (42) 


<< i {1 = 
min ) A 
j= 


(43) 
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The upper bound (43) to the path efficiency is plotted 
on Fig. 4 and indicates that the envelope of the cases 
previously computed falls surprisingly close to the upper 
bound. The greatest difference, about 2 db, occurs at 
o=2. 

If the actual optimum illuminations are desired, a 
Fredholm equation must be solved. The optimum oc- 
curs when both (34) and (36) are satisfied. Then 


2 = 1 = 72 = Tmax. (44) 
Use of (33)—(37) shows that 
s 1 S 
Tmax = 11 = + = 3 = — (45) 
ex°co? | Ss 
where 
f | e(p) |?¢p 
flew ap 
and hence 
1 — 
eee ees a (47) 
| coca | 


_ From (29), (34), and (36), the optimum illumination 


7(~’) satisfies 


” 


Coli 
"0 eee 
4x° 
+f eee cos (8-8')tap" cos (8-8) 1d p (48) 


which is a homogeneous Fredholm equation with sym- 
metric kernel and hence is guaranteed solutions for a 
set of eigenvalues [9]. From (47) the magnitude of this 
eigenvalue is inversely proportional to the path loss, 
and hence the solution of (48) for the eigenvalue of 
least magnitude is the desired optimum. 

In the special case where a and a’ are circles, /(p’) 
and f(p”’) must be independent of @ and @” respectively. 
The angle integrations may then be explicitly per- 
formed to yield 


ey Pe 
f(e') = coer if p''f(p"’)dp”” ii Jo(ep’)Jo(ep”)pdp (49) 
0 0 
where 
: y/ ae Vx 50 
== = 4 = — —. 
Po R 0 Po To. (50) 
This in turn can be reduced to 
fi A ee ” P sit ’ 
(") = cope “Ho Jo in vn [o’Fo(0”’ po) F1(p' po) 
— p"Jx(0"po)-Jo(e’po)]. (51) 
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One would now have to obtain the eigenvalue and 
eigensolution by numerical methods. This process 
hardly seems justified, since our “trial” solutions (Fig. 4) 
are close enough to the optimum for most purposes. 


Although the optimum pair of illuminations is dif-_ 


ficult to determine, it is fairly simple in certain cases 
to find the optimum illumination of one antenna given 


the illumination of the other. For example, if we assume — 


that oe 
rA6 Ae (52) 
and let g(p) be defined by (36), then 
g(P) = crpoJ1(ppo')/p 


or from (20), (21), and (50) 


Caro e#P"/2Ro kro'r 
PEt pea 1,( ) 


Ro 


which is essentially constant only for large Ro. For 


smaller Ro there are oscillations in the illumination | 


which: show that the optimum receiver illumination 
phase is not always that of e~**/?* but departs from 


this value by 180° in certain rings defined by the zeros of | 


the Bessel function. 
From (36), (38), (52), and (53) 
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=m= neon = [poe (SSK 
a! Pp 0 - 


which is plotted vs o in Fig. 5. This efficiency every- 
where exceeds that of the case where f(p’) and g(p’) are 
both constant (w=0 in Fig. 4), as the theory says it 


must, but the improvement is negligible below a value ~ 


of ¢ about equal to three. It should be pointed out, how- 
ever, that unlike the illuminations of Fig. 4, the il- 
lumination (53) depends on Ro. 


VII. EXAMPLES 


1) Arecent paper [11] has described a proposed radio 
powered unmanned helicopter. The energy to support 
the helicopter would be beamed through space from the 
ground to the helicopter above. According to the de- 
scription, the ratio of received to transmitted antenna 
power is to be 

= (0.65) (0.75) (0.65) = 0.317 = 5 db. (56) 
The frequency is 3000 mc (A=0.327 feet), and the 
proposed aperture areas are 

A = 25007 square feet 


A’ = 400 square feet. (57) 


November. 


(53) 


(54) 
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K a we have seen (Fig. 4) that 
: Rroro’ 
s eet et (59) 
bis o 
pe In order for our results to apply, moreover, we must 
i be in the Fresnel zone. For present purposes, we 
= optimistically use a “\/4” phase criterion for the 
tes Fresnel zone which implies (see Fig. 3) 
_ . 
| Xr 1/8 ro 
; as 
Motliitti tid thi tii] 2 : 
O e 4 6 8 oo 12 14 16 As long as the transmitting antenna radius 7’ is greater 
than a wavelength, both (59) and (60) can not hold 
Fig. 5. unless 
41/3) 
; ry > —— = 0.507. (61) 
_ From (42), we find the maximum altitude at which this T 


helicopter could hover and maintain the desired path 


; i So the “minimum spot size” in the Fresnel zone is about 
efficiency is 


one wavelength. 


1 AA’ BIBLIOGRAPHY 
) Ro < —4/ = 9640 feet." _ (58) [1] A. F. Kay, “Far-Field Data at Close Distances,” Technical 
r U] Research Group, Inc., New York, N. Y., Contract No. 
AF19(604)-1126; October, 1956. 
: ; 7 : : [2] J. Robieux, “Near-zone power transmission formulas,” Proc. 
_ If the apertures are uniformly illuminated in amplitude IRE, vol. 47, pp. 1161-1163; June, 1959. 
and have the correct “defocussed” phase, from Fig. 4, [3] V. Rumsey, “Reaction concept in electromagnetic theory,” 


3 Q 2 ‘ Phys. Rev., vol. 94, pp. 1483-1491; June, 1954. 
at this distance the efficiency would be about 28.2 per [4] M. K. Hu, Syracuse University, Contract No. AF30(602)-928, 


cent instead of the desired 31.7 per cent, a small differ- ae aoe veces IRE NationaL CONVENTION RECORD, vol. 

ence. If, however, the apertures had a fairly severe [5] AP Ray, “Near Field Gain,” Rept. No. SR 131-1, AF19(604)- 
amplitude taper, such as the case n=2 of Fig. 4, the 6 pate aye 1959. 

range at which the desired path efficiency would hold [7] P. Morse and H. Feshback, “Methods of Theoretical Physics,” 


; 5 McGraw-Hill Book Co., Inc., New York, N. Y., pp. 812-816; 
~ would be 5040 feet maximum. oe 
2) Minimum Spot Size: Into how small an area can [8] C. Polk, “Optical Fresnel-zone gain of a recente aperture 
; 9 IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. -4, pp. 
the power flow from a Mase SIPALiCy Z be concentrateds Our 65-69, January, 1956; also M.S. Thesis, University of Pennsyl- 
_ investigations shed the following light on this question. vania, Philadelphia, Pa., 1956. 


York, N. Y., ch. 3; 1957. 
[10] H. T. Friis, “A note on a simple transmission formula,” PRoc. 
IRE, vol. 34, pp. 254-256; May, 1946. 
| 11t has been alleged that A’=400 square feet was a misprint [11] “Raytheon Wins Platform Contract,” Aviation Week, pp. 34- 
~ for 400 feet square, in which case Ro would increase by a factor of 20. 39; August 17, 1959. 


- Inorder for substantially all the energy to be focussed [9] S. G. Mikhlin, “Integral Equations,” Pergamon Press, Inc., New 


~ 
: 


594 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


November 


Measured Distribution of the Duration of Fades in Tropospheric 
Scatter Transmissions* 


K. F. WRIGHT}, MEMBER, IRE, AND J. E. COLE}, MEMBER, IRE 


Summary—Results of experimental measurements of fade dura- 
tions at the output of tropospheric scatter receivers operating at a 
frequency of 950 Mc are presented. The special test equipment and 
the test procedures required to perform the measurements are de- 
scribed. The accumulated time the fades are below a reference level 
is shown. A family of curves representing the number of fades per 
hour which equal or exceed a given duration, and a family of curves 
representing the percentage of the total fades that equal or exceed 
different fade durations are presented. All the data are referenced 
to fade margin, which is defined as the difference between the re- 
ceived median level and the reference level. This enables the in- 
formation given in this paper to be readily applied to other systems. 
A method for computing circuit reliability, based on the results of 
this paper, is suggested. 


INTRODUCTION 


tropospheric scatter signal are well known; how- 

ever, little experimental information exists re- 
garding the number and duration of fades below a 
specified level. Knowledge of this distribution is needed 
to expand the present information on scatter signal 
characteristics, and to provide a more accurate basis for 
estimating data transmission performance of a tropo- 
spheric scatter system. 

Normally, scatter circuit reliability is based upon 
the percentage of time the received signal level is above 
a specified reference level. For example, in the case of 
an FM system, this reference level is usually the 
threshold level of the receivers, which is the signal level 
required for a 10-db signal-to-noise ratio in the IF out- 
put. This method of computing reliability implies that 
data outage time consists simply of the total time the 
received signal level is below the reference level. This is 
not necessarily true for all types of data transmission 
because the rapid and continuous variations in received 
level of a scatter signal may not deteriorate the intel- 
ligence. The period during which the signal is below 
the reference level may not be long enough to affect the 
transmitted information. 

The analysis of the fine structure of a scatter signal is 
difficult. This becomes evident by referring to Fig. 1, 
which is a typical recording of a scatter signal. The fact 
that the short-term variations of a tropospheric scatter 
signal are Rayleigh distributed makes it possible to ob- 
tain the total duration, at selected fade margins, from 
the probability density function. This method fails, 
however, to give the number and duration of fades at 
these fade margins. An accurate way to determine this 


Ee amplitude distribution characteristics of a 


3 Received by the PGAP, December 12, 1959; revised manu- 
script received, June 8, 1960. 
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Fig. 1—Recording of typical tropospheric scatter signal. 


information is by experimental means, consisting of 
actually counting the number and duration of the times 
the signal dropped below a reference level. 

In these tests, FM threshold was found. to be a con- 
venient reference level for the fade duration measure- 
ments. This point provides a positive means for trigger- 
ing counter circuits because, at this level, the signal-to- 
noise ratio changes rapidly with a change in received 
signal level. In order to obtain measurements at various 
fade depths, the signal median level was changed, and 
the reference level was held constant. 

Since the data in this paper are presented on the basis 
of fade margin, it is applicable to other systems which 
may use different reference levels. 


CIRCUIT DESCRIPTION AND TEST EQUIPMENT 


The fade duration measurements were made using the 
Collins TST-101 Transhorizon UHF Communications 
System ata frequency of 950 Mc. This is a full-duplex 
system using a 1-kw FM transmitter, dual-diversity 
reception, and 15-foot parabolic antennas which have a 
beamwidth of 4.9° at 950 Mc. The antenna horizontal 
spacing was 100 feet. Fig. 2 isa path profile of the trans- 
mission path from Eloy, Ariz., to Fort Huachuca, Ariz., 
a distance of 103.2 statute miles. The sum of the horizon 
angles was +0.0117°. 

Signal correlation measurements taken on the two 
diversity receivers indicated that the correlation co- 
efficient of this circuit was approximately zero with an 
extreme of 0.1. 

The number and duration of the fades were measured 
by test equipment specifically designed for this purpose. 
Fig. 3 is a block diagram of the fade duration analyzer. 
Output from one channel of a 12-channel multiplex 
system is applied to the analyzer. As the received signal 
level drops below the receiver threshold, the resulting 
channel noise closes an electronic gate, allowing a 1000- 
cps signal to be applied to a preset counter and a stand- 
ard frequency counter. A preset frequency counter is a 
precision electronic counter which produces an output 
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Fig. 2—Great circle path profile for Blacktail 
Canyon-to-Eloy circuit. 
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Fig. 3—Fade duration analyzer. 


signal when the number being counted equals or ex- 
ceeds the preset number. The preset counter contains 
six presets. Each preset indicates a count if the time 
duration of the fade exceeds or equals the value of the 
“preset. Since t=1/f and the frequency being counted is 
1000 cps, each cycle represents a millisecond duration. 
Preset times of 5, 10, 20, 100, and 200 msec were used. 
Selection of these durations was based upon previous 
experimental work.! The counting circuits were auto- 
matically reset within } of a millisecond after the end of 
each fade. 

The standard frequency counter indicated the total 
count for a given period of time and, therefore, repre- 
sented the total outage time or total time the received 
signal was below the reference level. 

The accuracy of the analyzer was verified by applying 
the output of a square-wave generator to the noise- 
gated oscillator. The frequency was changed in steps 
from 2.5 to 100 cps. This corresponded to fade dura- 
tions from 200 to 5 msec, since the noise-gated oscilla- 
tor uses only the positive half of the wave. The analyzer 
was checked at each of the input frequencies to insure 


1K. F. Wright and J. E. Cole, “Operational Evaluation of Tropo- 
spheric Scatter Techniques,” Collins Radio Co., Cedar Rapids, Iowa, 
Rept. on Signal Corps Contract DA 36-039-ac-67491; July 5—October 
peo 1958: ; 
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that the preset indicators only registered a count when 
the duration of the frequency being counted equalled or 
exceeded the preset numbers. For example, when a 
frequency of 25 cps was used, only the 5-, 10-, and 20- 
msec indicators registered counts. The number of counts 
equalled the product of the input frequency and the 
time interval of the test. 

The shortest time duration measured was limited by 
the low-frequency end of the pass band, since noise 
peaks of these frequencies caused triggering of the 
analyzer. Therefore, the minimum fade duration meas- 
ured was 5 msec. The longest time duration méasured 
was limited only by the choice of the time durations that 
resulted in a good fade duration distribution. 


TEST PROCEDURES 


The maximum time possible for each fade duration 
test was limited by the counting capacity of the preset 
indicators. However, each test was restricted to a 
maximum time of ten minutes to limit the change in 
median received signal level during the test period. The 
start and stop time of the tests was measured by a 
digital timer. The following data were recorded for 
each test. 


1) Start and stop time. 

2) Number of counts on each preset indicator. 
3) Count on the outage time counter. 

4) Type of reception (dual or nondiversity). 


In addition, a Sanborn paper recorder and magnetic 
tape recorder, both time-synchronized with the fade 
duration analyzer, monitored the signal level at the 
last IF stage of each receiver. The time constant of the 
signal level detector circuit was 0.22 msec. The Sanborn 
paper recording was used to check the characteristics of 
the signal, and to determine the presence and approxi- 
mate time of airplane flutter. The magnetic tape re- 
cordings were used in conjunction with a Collins 478M-3 
Amplitude Distribution Analyzer and an IBM 526 
Summary Punch to analyze the received signal distri- 
bution for determining the received signal median level. 

The transmitter power at the other terminal was 
changed as necessary to obtain the desired distribution 
in received median levels or fade margins. Continuous 
analysis was made of the received signal to insure that 
the measurements were made during periods of a good 
representative scatter signal. This was checked by 
monitoring the instantaneous signal variations on the 
Sanborn recorder for changes in signal characteristics 
resulting from ducting, multipath effects, or aircraft in 
the propagation path. 


Data ANALYSIS 


After the median levels were obtained from the mag- 
netic tape recordings, and the Sanborn recordings were 
analyzed, the data were classified according to fade 
margin. No attempt was made to analyze the data ob- 
tained during periods when aircraft were in the propaga- 
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tion path, because of the complexity of the fade dis- 
tribution during these times. 

The experimental and theoretical short-term fading 
characteristics for nondiversity reception are shown in 
Fig. 4. The circled points are plotted from experimental 
data on the basis of fade margin and percentage of total 
outage time. It can be seen that the points approximate 
a theoretical Rayleigh distribution. The data taken dur- 
ing periods of low fade margins were compiled from 
short test durations of 30 to 120 seconds. The test dura- 
tions at low fade margins were, in part, limited by the 
storage capacity of the decade indicators. The test 
duration at higher fade margins was increased to a 
maximum of ten minutes to provide an adequate num- 
ber of fades. The median test duration was approxi- 
mately three minutes. Other authors? indicate that a 
sampling period of one minute results in an almost per- 
fect Rayleigh distribution. The problem encountered, 
when using a test duration of one minute at high fade 


margins, is that a very low number of fades and, in. 


many cases, no fades are recorded. This necessitates 
taking a great number of tests at the higher fade mar- 
gins to provide an adequate sample. 

Fig. 5 is a plot of fade margin vs per cent of total 
outage time for nondiversity and dual-diversity recep- 
tion. The known advantages of diversity reception are 
further demonstrated by these curves. For example, a 
fade margin of 18 db in a diversity system results in 
one-tenth per cent outage time, while a fade margin 
of approximately 26 db in a nondiversity system results 
in the same percentage outage time. Note that approxi- 
mately 50 per cent outage time occurs at zero fade mar- 
gin with nondiversity operation. This is as expected, 


*L. P. Yeh, “Basic analysis on controlled carrier operation of 
tropospheric scatter communications systems,” 1958 IRE Na- 
TIONAL CONVENTION RECORD, pt. 8, pp. 261-283. 
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Fig. 4—Short term fading characteristic 
for a nondiversity circuit. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


November 


since, at zero fade margin, the signal level is below the 
reference level 50 per cent of the time. The two curves 
should diverge progressively at the low percentage end 
of the scale, if the distributions were Rayleigh. 

Fig. 6 is a family of curves which shows fade per hour 
vs fade duration for selected fade margins using non- 
diversity reception. The number of fades per hour for a 
particular fade margin equals or exceeds the given fade 


duration. For example, the curve for a fade margin of 


20 db indicates that there are 590 fades per hour which 
have a fade duration of 20 msec or longer. Since a 5-msec 
fade was the shortest duration measured, the curves 
were extrapolated to a fade duration of 1 msec, to re- 
move some of the uncertainty regarding the number of 
fades with a duration less than 5 msec. 

The total number of fades per hour at 0 fade margin, 
based upon a lower limit of one millisecond, is 13,500. 
This corresponds to approximately 3.75 fades per 
second. 

Fig. 7 is a family of curves which shows fades per 
hour vs fade duration for several selected fade margins 
using dual-diversity reception. The number of fades 
per hour for dual-diversity reception are, as expected, 
considerably less than that for nondiversity reception. 
Table I compares the data shown in Figs. 6 and 7, 
and shows the number of fades per hour for both non- 
diversity and dual-diversity reception for fade dura- 
tions which are equal to, or greater than, 1, 10, and 
50 msec. The diversity improvement, based upon the 
number of fades per hour, increases rapidly as the fade 
margin is increased. 

Curves showing the fade duration distribution for 
selected fade margins for nondiversity and dual-diver- 
sity reception are shown in Figs. 8 and 9, respectively. 
These curves are plotted using a log-normal coordi- 
nate system. Since the curves are linear over much of 
their length, extrapolation of the curves in Figs. 6 and 7 
for durations less than 5 msec can be used. The median 
fade duration, or the fade duration exceeded 50 per cent 
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Fig. 5—Percentage outage time as a function of fade margin, 
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of the time, for nondiversity reception ranges from 6.5 
to 30.2 msec. The median fade duration for dual- 
diversity reception ranges from 6.5 to 21.4 msec in 
length. Table II shows the median fade durations for 
the fade margins shown in Figs. 8 and 9. 

It is interesting to note that, although the diversity 
improvement based upon the number of fades per 
hour increases as the fade margin is increased, the 
diversity improvement based upon median fade dura- 
tion actually decreases for fade margins greater than 


5 db. 


CONCLUSIONS 


The results of the fade duration distribution meas- 
urements have shown that a large percentage of the 
fades measured were of very short duration. For ex- 
ample, for the fade margins selected, between 33 to 77 
per cent of the total number of fades had a duration 
less than, or equal to, 15 msec. Two conclusions can be 
drawn from these data showing a large percentage of 
short-duration fades. First, the time constant of the 
‘detector circuit, from which the instantaneous signal 
levels are recorded, and the recording circuit itself, 
must be in the order of one millisecond to follow prop- 
erly the fast fading of the scatter signal. Second, be- 
cause of the number of short fades, it is apparent that 
a certain amount of intelligibility of data systems using 
tropospheric scatter as the propagation medium can be 
retained, during periods of fading below a reference level 
normally used as the reliability criterion. This would be 
especially true when the data system used has an in- 
formation bit length considerably greater than the 
length of the fade. For the foregoing reason, it is sug- 
gested that data system reliability be based upon the 
number and duration of fades rather than on outage 
time. 

In order to predict data system reliability, it is not 
only necessary to know the nature of the signal fades, 
but the data system characteristics must also be taken 
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TABLE II 


MEDIAN FADE DURATION FOR SELECTED FADE MARGINS FOR 
NONDIVERSITY AND DuAL-DIVERSITY RECEPTION 


Median Fades Duration Pana 
pale Percentage 
Margin i oF ae bp oe 
0 30.2 21.4 29.1 
5 25.2 14.1 hd 
10 18.2 12.0 34.1 
15 14.1 9.8 30.5 
20 10.7 8.3 22.4 
25 6.5 6.5 0 


into consideration. With this information, a statistical 
analysis must be made to determine the probability of a 
fade occurring during an information bit, and also the 
probability of the data converter responding properly 
in the absence of an information bit. 

Although the fade duration tests described in this 
paper were run each day for a period of several months, 
there is still a great deal of additional knowledge to be 
gained from future tests of this nature. Further study 
should be made to increase the confidence factor of the 
curves presented here, and to relate the effects of: 1) 
transmitter frequency, 2) antenna beamwidth, 3) 
transmission path length, 4) path terrain, and 5) 
meteorological factors, to fade duration distributions. 
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_ An Experimental Investigation of the Fock Approximation for 
Conducting Cylinders* 


L. WETZEL}, MemBer, IRE, AND D. B. BRICKt, SENIOR MEMBER, IRE 


Summary—The high-frequency current distributions over several 
conducting elliptic cylinders for normal, plane-wave excitation are 
measured at a wavelength of 3.2 cm using image-plane techniques. 
The experimental distributions are compared with the Fock ap- 
proximation, verifying its validity over a wide range of KR) in the 
neighborhood of the shadow boundary. 


INTRODUCTION 


_WfsN THE PAST, measurements have been made of 
if the current distributions on conducting cylinders 
of circular cross section for both polarizations of 
plane-wave excitation [1, 2]. Measured currents on 
cylinders of more complex cross section are needed, 
however, to determine the validity of approximations 
devised for more general geometries. The purpose of 
this paper is to describe a series of such measurements 
and to compare the experimental currents with those 
predicted by the well-known Fock approximation [3]. 
The use of these results in the verification of improved 
approximations derived on a different theoretical basis 

may be found elsewhere [4-6]. 

_ A useful group of test obstacles, each with a con- 
tinuously varying radius of curvature, is a sequence of 
- elliptic cylinders having the same major axis, but dif- 
ferent eccentricities. For the incident wave polarized 
with the magnetic vector parallel to the cylinder axis, 
and the electric field parallel to the major axis, image- 
plane techniques [1] make possible a relatively simple 
experimental arrangement by which the currents over 
cylinders of this shape can be measured. 
Half-cylinders, cut along the minor axis, were formed 
of thin sheet brass and mounted on an image plane with 
the cylinder axis normal to the direction of the incident 
radiation. The source of illumination was a horn 
mounted flush with the image plane. A small shielded 
> half-loop fixed on a flexible metallic strap fitting flush 
into a slot on the cylinder was used to probe the tan- 
-gential magnetic field at the surface of the cylinder. 
Since the electric surface current is proportional to the 
tangential magnetic field, the output of this probe meas- 
ured the current distribution as the probe was moved 
over the surface of the cylinder. 

This method was used to investigate the current dis- 
tributions over elliptic cylinders of eccentricities 0, 
0.552, 0.780 and 0.910, each having a semimajor axis 
of 6.1 cm. The results for the circular cylinder were 
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Mass. 


compared with the theoretically exact current cal- 
culated from the eigenfunction expansion, thus per- 
mitting an initial appraisal of the accuracy of the ex- 
periment and a demonstration of whatever shortcomings 
may be inherent in it. The results for the remaining 


cylinders were compared with the theoretical predic- - 


tions of Fock [3] for the current in the so-called 
“penumbra” region. 

A brief description of the apparatus and a discussion 
of the measurements and their comparison with the 
theoretical currents appear in the following sections. 


DESCRIPTION OF THE APPARATUS 


The image-plane method and the general instru- 
mentation of this experiment have been described in 
detail elsewhere [1, 7]; therefore, only a brief de- 
scription of these aspects of the arrangement will be 
included. The duraluminum image-plane used was 
located on the roof of the Gordon McKay Laboratory. 
It measures 24 by 48 feet, or 230 by 460A at A\=3.19 
cm. Near the center of the plane is a circular hole be- 
neath which is a well for the measuring and positioning 
apparatus. An aluminum plug with the probe-position- 
ing mechanism mounted below it fits this circular 
hole, flush with the image-plane. Each cylinder was 
mounted on a rectangular aluminum plate which was 
bolted into a rectangular recess in the top of the plug. 
The flush copper strip, which carried the probe over the 
cylinder, emerged through a slot in the plug and was 
weighted at one end to keep it securely against the 
shoulder on the cylinder; the other end was attached to 
a geared probe-positioning mechanism. 

Plane-wave excitation was approximated by using a 
simple horn clamped to the image plane at a distance 
of about 48 wavelengths from the center of the cylinder 
and directed perpendicular to the axis of the cylinder, 
as illustrated in Fig. 1. The vertical pattern follows 
roughly the cosine of the angle between the image- 
plane and the direction of observation; thus, the incident 
field was substantially uniform from the plane to the 
top of the cylinder (from 0 to 2.3 degrees). Horizon- 
tally, the half-power points lie about 28 cm (9 wave- 
lengths) from the center of the cylinder. 

The RF equipment consisted of an X-band klystron 
feeding the transmitting horn through a ferrite rotator 
which was sinusoidally modulated by a 1-kc signal. A 
sample of the modulated signal for use in phase meas- 
urements and spectrum analyses was obtained via a 
directional coupler. With the system tuned for a 
minimum number of spurious sidebands, the free space 
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wavelength was 3.192 cm. The detection system was 
almost identical to that described by Row [7]. 

The cylinders were constructed of sheet brass 
sweated to accurately-machined steel elliptical tem- 
plates. A gap, to permit passage of the probe cable, and 
shoulders, to support the copper strip carrying the 
current probe, were left between the two center tem- 
plates. These were adjusted so that with the strip 
pulled taut by the probe-positioning mechanism at 
one end and a weight at the other, a smooth surface 
was maintained. A mounted cylinder can be seen in the 
right of the illustration, Fig. 1. 


SHIELDED 
SEMI- CIRCULAR 
PROBE 


Fig. 1—View of the horn and a mounted cylinder. 


The probe used to explore the tangential magnetic 
field over the cylinder was a shielded half-loop [8]. 
Since the probe must pass over a wide range of curva- 
tures in this experiment, the shielding gap at the center 
of the loop arc helped prevent distortion of the copper 
strip, to which it is attached. The half-loop was made 
from the center conductor and Teflon insulation of a 
piece of 50-ohm Microdot cable bent into the tightest 
semicircle allowed by the rigidity of the Teflon and 
shielded with two small arcs of thin-walled copper 
tubing. The radius of the loop to the center conductor 
is about 0.2 cm and the length of the gap is about 
0.015 cm when the strip is flat. 


DISCUSSION OF THE MEASUREMENTS AND COMPARISON 
WITH THEORY 


The Circular Cylinder 


For the circular cylinder, the theoretical current dis- 
tribution is given rigorously in the form of the usual 
series expansion involving cylindrical eigenfunctions. 
For an infinite, perfectly conducting cylinder illumi- 
nated by a source of plane waves of unit amplitude 
directed normally to the cylinder axis and polarized with 
the magnetic vector parallel to the cylinder axis, the 
total magnetic field at the cylinder is given by 


cos nO 


i eked 
H,(8) See ss OGG.) 
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where k=27/X, \ being the wavelength of the incident 
wave, and a the radius of the cylinder. The surface 


electric current is just c/4m times the tangential mag- 


netic field. 

The circular cylinder in this experiment was con- 
structed so that ka=kR)=12, thus permitting the use 
of the current distributions already calculated by 
Riblet [2] from the expression above for this value of 
RR». Unfortunately, the angles at which the series was 
evaluated in Riblet’s report were at 10° intervals, as 
a result of which the important oscillating character of 
the current in the extreme shadow region of the cylinder 
did not appear. In order to display in more detail the 
structure of the current amplitude in the range of 
angles from 140 to 180°, the series was evaluated for 
intermediate points. It is sufficient to include only terms 
out to m=19 when ka = 12. The exact current in Fig. 2 is 
different from that appearing in Riblet’s report only for 
angles between 140 and 180°. From the point of view 
of Franz’s “Creeping Waves” [9], these oscillations 
appear as a result of the interference of waves traveling 
around the back of the cylinder from either side. 


EXACT THEORY 


Li 
= AMPLITUDE 


RELATIVE AMPLITUDE 


PHASE ANGLE IN DEGREES 


20 40 60 80 100 120 4140 160 180 
DEGREES FROM CENTER OF ILLUMINATED SIDE 


Fig. 2—Current amplitude and phase angle on 
circular cylinder (kRp=12). 


The experimental data were normalized to coincide 
with the exact theoretical results for @=90°, 7.e., at the 
“shadow boundary.” The current amplitudes for all 
cylinders were obtained by taking the square root of the 
average of the results obtained from three consecutive 
runs, the detector being a square-law device. The phase 
of the current was obtained from a single set of meas- 
urements over each cylinder. The experimental and 
theoretical distributions are compared in Fig. 2. It is 
evident that there is good agreement between theory 
and experiment except over the first 50 or 60° of the 
cylinder. 

The depression of these readings can be ascribed to 
the large variation of the electric field across the loop 
in the illuminated region; while the oscillatory be- 
havior may be explained by the coupling between the 
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loop and its image in the image plane. (See the discus- 
sion in [5] and the additional sources cited there.) An 
unshielded loop used in the preliminary stages of this 
experiment introduced much larger errors over the 
illuminated face of the cylinder. The shielded loop 
described in the last section reduced this error by about 
80 per cent. Presumably, then, the residual discrepancy 
can be ascribed to effects inherent in the loop system as 
constructed. Since it is difficult to isolate the sources 
of these perturbations and tocorrect for them theoret- 
ically in a convincing way, no attempt was made to do 
so. The “inherent error” of the loop system appears to 
be negligible in the region of the shadow boundary, and 
it is just here that the currents are of greatest impor- 
_ tance for the purpose of this experiment. (It may be 
noted in passing that the use of even smaller loops 
_ would appear to be worth trying. The simple fact is 
‘that, at the time this experiment was carried out, the 
smallest loop it was possible to construct was used.) 
Finally, the circular cylinder was used to determine 
the effect due to the finite length of the cylinder. Since 
the primary lobe of the horn pattern does not quite fall 
to half-power at the ends of the cylinder, a run was 
made, with hemicylindrical end-pieces attached, which 
doubled the length of the cylinder. The data taken with 
and without the end-pieces showed no greater variation 
than between two successive runs on the cylinder with- 
out the end-pieces. It appears, then, that the currents 
being measured closely approximate those for an infinite 
cylinder. 


The Elliptic Cylinders 


Since the wave equation is separable in elliptic- 
cylindrical coordinates, it is possible to construct a series 
expansion (in this case in odd and even Mathieu func- 
tions) for the current over elliptic cylinders [10]. As 
' might be expected, the resultant series is too unwieldy 
to justify an attempt to evaluate current distributions 
' from it numerically. 

The experimental results obtained here are to be used 
in exploring the range of validity of the Fock approxi- 
mation for currents induced by plane waves on perfect 
conductors. In the case of large Ro, Fock has expressed 
current in the penumbra region (7.e., in the neighbor- 
hood of the shadow boundary) in the form, 


j - Fae); 


where j* is the current associated with the incident 
wave (c/4m)H.°* and G(é) is a complex function of the 
variable 


Ro is the radius of curvature of the diffracting obstacle 
at the point where an incident ray is tangent to the 
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obstacle (the shadow boundary); L is.the distance 
measured along the tangent ray. G(£) is tabulated in 
Fock’s paper. Fig. 3 shows the correspondence between 
the distance Z and the arc length, and the values of 
Ro and RR» for the various cylinders. 


Se 


+ TANGENT RAY 


S=b[E(a, 7/2) —E(a, ¢)] 
where: 
b=6.1 cm 
sin a=e 
cos ¢6=L/a 
E(a, ¢) =incomplete elliptic integral [10] 


Ro and kRo for the cylinders used: 


0 ; Ro =a?/b RRo 
0 im VAG canta 12 
0.552 4.2cm 8.3 
0.780 2.4cm 4.7 
ae 0.910 Waal Mate Dead, 


Fig. 3—Elliptic cylinder dimensions. 


It can be seen from Fig. 2 that, although the Fock 
current amplitude is slightly larger than the exact cur- 
rent in the penumbra region, the slope is in close agree- 
ment. The results of the amplitude measurements on 
the first two elliptic cylinders were normalized to coin- 
cide with the Fock currents at the shadow boundary. 
The results for the third elliptic cylinder (e=0.910) 
were normalized for consistency with the other cylinders 
at the extremes of the curve. (The peculiar behavior 
over the illuminated face of this cylinder is due to a 
small mechanical irregularity which slightly distorted 
the probe strip in this region.) It is clear from Figs. 4-6 
that the slope of both the amplitude and phase of the 
Fock current in the penumbra region is in excellent 
agreement with the experimental results for all three 
cylinders. 


CONCLUSIONS 


Since the Fock approximation was derived under the 
condition that RR» be large, the accuracy of the pre- 
dicted penumbral currents demonstrated by this ex- 
periment for radii of curvature down to kRo=2.2 was 
quite unexpected. Although the approximation is much 
less satisfactory in the extreme shadow region, the 
currents here are beyond the range over which the as- 
sumptions of the Fock approximation are valid. 


AELATIVE AMPLITUDE 


PHASE ANGLE IN DEGREES 


DISTANCE FROM CENTER OF RLUMINATED SIDE (ce) 


Fig. 4—Current amplitude and phase angle on 
elliptic cylinder; e=0.552 (RRo=8.3). 


RELATIVE AMPLITUDE 


DISTANCE FROM _ OF ILLUMINATED SIDE (cm) 


Fig. 5—Current amplitude and phase angle on 
elliptic cylinder; e=0.780 (kRo=4.7). 


RELATIVE AMPLITUDE 


PEE 


o 
& 
PHASE ANGLE IN DEGREES 


DISTANCE FROM CENTER OF ILLUMINATED SIDE (cm) 


Fig. 6—Current amplitude and phase angle on 
elliptic cylinder; e=0.910 (&Ro=2.2). 
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Frequency Spectra of Transient Electromagnetic Pulses in a 
Conducting Medium* 


W. L. ANDERSON}, mMemBeEr, mre, AND R. K. MOORE}, SENIOR MEMBER, IRE 


Summary—The energy density spectra of transient electromag- 
netic fields generated by a pulsed ideal dipole source in an infinite 
conducting medium have been investigated for various distances 
from the source. A characteristic frequency w,, corresponding either 
to the peak of the spectrum or to its half-width, is defined and 
shown to vary inversely as the square of distance at large distances. 
The behavior of w, with distance is a measure of the behavior of the 
pulse energy. Thus, at large distances it appears that the attenuation 
factor associated with w,, exp { —TV/ wpo/2 } ,is independent of r, due 
to the constancy of the product r/w,. From this point of view, the 
transient fields do not decrease exponentially as r, but as inverse 
powers of r. 

This should not be construed as meaning that the transient pos- 

sesses an advantage over CW. The attenuation for monochromatic 
components of the pulse is the same as for continuous waves of the 
same frequency and at large distances the energy put into the high 
frequency components is wasted. 

The phenomenon is illustrated by calculations that have been 
carried out for the case of pulses in sea water. 


INTRODUCTION 


tances in an infinite conducting medium the varia- 
tion of the peak transient electromagnetic fields 
generated by a pulsed dipole source takes place as r~™ 
or r~4, This rather unexpected situation is not clarified 
by the work of other authors? on the subject. Conse- 
quently, this study was undertaken in order to relate 
this phenomenon to the exponential attenuation which 
is known to apply to the monochromatic components of 
the pulse and to determine whether the apparent ad- 
vantage of transients over pulse-modulated carriers 
might, in fact, be illusory. The results show that a 
pulse spectrum with appreciable high-frequency con- 
- tent wastes energy. 

In this development, the displacement current term 
of the wave equation has been dropped, since the 
main interest is in the fields at considerable distances. 
~ At these distances the practical aspect of the problem 
is chiefly concerned with that part of the frequency 


I: has been shown by Richards! that at large dis- 
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spectrum containing the major portion of the pulse 
energy, and for these frequencies displacement currents 
are negligible. 

For purposes of investigation the source has been 


‘taken as a magnetic dipole and some numerical] results 


are developed for the case where the medium is sea 
water. Using triangular and rectangular pulses, ex- 
pressions are derived for the relationship between pulse 
width, distance from source, and frequency w, at which 
either the peak or the half-width of the energy density 
spectrum occurs. It is shown that at large distances 
an approximation can be made which results in a simple 
inverse relation between w, and r?. The product rv/w, 
then appears constant whenever it occurs, including the 
exponential term, and, in the sense described, exponen- 
tial attenuation does not occur. Any given spectral 
component of the pulse is attenuated exponentially with 
distance, however, and it therefore follows that energy 
should not be wasted on high frequencies which will 
be effectively filtered out at long distances. 


DEVELOPMENT OF EQUATIONS 


The fields from an idealized magnetic dipole in a 
conducting medium can be derived from the Hertz 
vector 


m(w), (1) 


where Fourier transform quantities are used exclusively. 
The displacement current term is not included. The 
parameters are defined as follows: 


u=permeability of the medium, 
¢=conductivity of the medium, 
ry =distance from source, 

m(w) =magnetic moment (transform) of the dipole. 


When m(w) is assumed to be along the polar axis and 
the medium is assumed infinite, the fields derived from 
(1) are given by: 


—p! m(w) | sin 0 


Ey(w) = (1 + rv/iwpo)iwe eur? (2) 
Arr? 
8 ata axe 
How) = es (1+ rvViwpo + iwpor®)e~ ur" (3) 
Qar? 
6 4 
H,(w) = | m(@) | cosé (1 + rv/iwpo)e~ @H r (4) 


rr? 


= 


we 
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The variation of the transient current in the loop 
constituting the dipole is now taken to be as shown in 
Fig. 1. The Fourier transform of this current 1s 


“~Lm 1 F S 
I E (1 — Qe W + en | (5) 
@ 


i 


I(e) = 


and from this we obtain 


| m(w) |? = | T(w) |°¢A? 


| Sd Wie | 
= : E (1 —— Cos wW yeaa | (6) 
W? ® 


where dA is the area of the loop. 

Lumping together factors not involving frequency 
into the term L, and making the abbreviation a=rv/2on, 
we find 


ave 2 
| Ex(w) |? = L2 — (1 friar “Na cae aT 
@ 
eve f aw a>q3!? 
| Ho(w) |? = Le? — (1+ a/ot-—+ 
a) 2 A 


+ ~~) (1 —coswW)? (8) 
| H,(w) |? = L3? “ (1 + aVo+ “a — cos wW)?. (9) 


Differentiating with respect to w and setting the results 
equal to zero gives the following expressions, wherein 
, denotes a frequency to be associated with the peak of 


° Ww 2Ww t 


Fig. 1—Dipole current. 
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the spectral density, and the abbreviation p=tvV op 
is made: 


For | Zs(w)|?: 
2 wpW | 
tan 2 (p* + 4p? + 8p + 8) = 8p? + 16p + 16. (10) 
wpW Z : 
For | Ho(w) |?: 
2 WpW ae 
tan (p> + 6pt + 12p3 + 16p? + 32p +32) 
= = 8p! + 16p? + 16p? + 32p + 32. (11) 
For | ,(w) | ®: 
Z wpW 
tan (p? + 8p? + 16p + 16) 
Wp Ds 
= 8p? + 166 + 16. (12) 


For arbitrary W, it is obviously difficult to deal with 
these equations. However, if trial values are assumed, 
it can be ascertained that for W<a?, the value of w, 
satisfying (10) and (11) will be sufficiently small so that 
the approximation 


wWpW 
tan 7 


pW 
2 


(13) 


can be made. Under this condition the equations be- 
come independent of W, and a solution for p is readily 
obtained in each case. Eq. (12) is not satisfied for 
w,W/2 in the first quadrant except for p=0. Hence, in 
this range of frequency the energy spectral density for 
H,(w) is monotonically decreasing from its value at 
w=0, and some quantity other than peak value must be 
used as a measure of spectrum behavior. One possibil- 
ity, denoted by wi, is the value of w for which 
| H.(w)|2=4| H,(0)|?. It can be shown that this latter 
quantity is 3(L;2(W*/4)). Assuming distances suf- 
ficiently great so that @1;2W is small, we approximate 
(1—cos wW)? by (wW)!/4. The relation to be satisfied 
becomes 


(tere B) aaa 
where p’ is defined as aV/w1). 

Eqs. (10), (11), and (14) can now be solved for p or p’ 
under the given assumptions. Table I presents the 
values obtained for p and p’, together with the values 


(14) 


TABLE I 
| Eg (e) |? | Ho (w) |? | H-(w) |? 
p=5.662 p=3.236 (pi — Oe One: 
_G.662)? (3.236)? (2.674) 
Qp= = Op = - 1/2 = 
a? 
3.19X 105 1.04108 5 
@p(sea water) = z rad/sec wp(sea water) = rad/sec w1/2(sea water) = eee rad/sec 
r 2 
r 
ee nee eee ee ee Se ee ee 


a ee ee ee eee 


‘\ 


Sp dpe tiake ae stale Lee att ihe ete Ris MATTE TALL BOE oN a 


2 


i 
; 


when w,W/2=4 


a 
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of (wy Or wy/2) both for an arbitrary medium and for 
sea water (¢=4 mho/meter, »=47 X 1077 henry/meter). 
To determine more specifically the limits within 
which the assumption (13) is valid, we may note that 
radian, the tangent differs from its 
argument by about 10 per cent. Since W,= p?/a*, we 
require 
PW <a? (15) 
a> p/W (16) 


for the assumption to be reasonably good. This condi- 


tion, with p replaced by p’, applies also in obtaining 


(14). For a particular field component, p or p’ assumes 


its appropriate numerical value from Table I. 


~ 


4 


At lesser distances the trigonometric term in the 
spectral density equations plays a more important role. 


_ By assuming specific values of W, the problem can be 


attacked on a point-by-point basis, and the results 
plotted as in Fig. 2. Although only the electric field 
situation is shown, a similar analysis can be made for 


nf Hy and eis 


DECIBELS 


RADIANS / SEC 


Ww, 


Fig. 2—Energy density spectrum for Eg, triangular 
pulse, at various distances. (w <40007-.) 


The steeply sloping line of Fig. 2 represents the energy 
spectral peak behavior under the conditions defined by 
(15). It is therefore an absolute upper limit on the 
spectral peak regardless of the value of W. The gently 
sloping lines are the result of the point by point calcula- 
tions, and show that the peak frequency decreases 
relatively slowly until the critical distance is | reached. 
Beyond the critical distance, the product av/w, is con- 


stant; that is, w, varies as Tr”. 


In order to determine the attenuation with distance 


~ of the main energy of the pulse, an evaluation can now 
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be made of | Z4(w)| and | Hy(w)| at w=wy. | H,(w)| at 
®=w1/2 is probably of less interest and is therefore 
not calculated. Using the relations given by Table I, 
writing 

(wpW)? 


(1 — cosw,W) = 3 


) (17) 


and reintroducing factors not involving frequency into 
(7) and (8), it is found that: 


0.358 WI,dA sin 6 
| E(w) |o, = —— yeah Sa 
o r 
(under condition a > 5.662./W) (18) 
WI,dA sin 6 
if 


(under condition a > 3.236./W). (19) 


| Ho(w)|o, = 0.116 


For the pulse considered, these equations are applicable 
to any highly conducting medium (c¢>>we), provided 
the restriction as to distance of (16) is satisfied. The 
electric field magnitude for sea water is obtained im- 
mediately by substituting o=4 in (18). The magnetic 
fields do not depend on the parameters of the medium. 
An interesting point is that varying widths of the 
transmitted pulse are converted into proportionally 
varying amplitudes at large distances. 

It should be noted that a physical measurement of the 
field quantities expressed as transforms necessarily in- 
volves an integration over the bandwidth of the meas- 
uring device. This multiplies the units of (18) and (19) 
by (sec). 

The variation of electric field associated with the 
spectrum peak at distances for which a is less than p./W 
seems to be rather difficult to formulate analytically. 
An approximate expression can be obtained by examin- 


ing 
pI md A sin 6 
2rr?aW 


2 GONE 
. (1 + a/a+ “*) ; 


It can easily be verified that the product 


| Es(w) | = (1 — cos wW)e*”#!? 


(20) 


2 MR RD 
gt al2 (1 + aVwot =) 


does not differ greatly from unity until av/w becomes 
larger than about 3. From Fig. 2 it can be seen that this 
condition holds for a major part of the small slope 
linear variation of Wire The product 1/wW (1—cos 
wW) is also nearly constant when evaluated at wp, in 
this region. Consequently, the electric field as defined by 
the above equation varies approximately as 1/7’ for a 
<3,/W and as 1/r! for a >5.662./W. It is apparent 
from (2) that the transition from 1/r? to 1/r* behavior 
is due to the presence of the multiplicative factor @», 


“= a T a) 6 2 
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and to the fact that it begins to vary as 1/7? after the 
critical distance has been reached. The absence of this 
w factor in (3) and (4) assures us that a 1/r*? behavior 
will obtain for both “near” and “far” situations for the 
magnetic field. 

The above considerations can be clarified by ref- 
erence to Fig. 3, where the energy spectral density for 
Ey of a pulse with W=0.001 second is plotted for 
various distances from the source in sea water. The 
spectrum is, of course, continuous from zero to in- 
finity, with nulls in this case separated by 2000 z. The 
plot is carried out only up to the second null. The first 
spectral peaks for r=1 meter and r=10 meters differ 
by 40 db, whereas those for r=100, 1000, and 10,000 
meters differ by 80 db. 


-O1 


109 107 10° 10 
r (METERS IN SEA WATER) 


.01 0.1 1,0 ie) 10° 10° io" 


a (f2op r) 


Fig. 3—Behavior of electric field energy spectral peak with distance. 


Alternatively, the figure can be used to compare the 
attenuation of monochromatic waves of different fre- 
quencies. For example, if we wished to transmit a 
single frequency with minimum attenuation for a 
distance of 10,000 meters, entirely through water, we 
would be required to select a frequency of around 10~ 
radian/second or less. If the maximum distance were 
only 300 meters, a frequency of around 30 radian/sec- 
ond could be used. 

Likewise, if transient propagation with minimum 
attenuation is desired, the duration of the transient 
should be chosen so that the w, of its predominant 
energy spectral peak undergoes the minimum attenua- 
tion of 40 db per decade of distance over the range re- 
quired. 
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RECTANGULAR PULSE 


To demonstrate that the spectrum for a different 
type of transient will behave in essentially the same 
way, a development for the rectangular pulse can be 
carried out along exactly the same lines. In this case 
the transform current is 

Tin 
[w)=— le): (21) 
iw 
The energy spectral density for the electric field is as 
follows: 


| Ey) |? 
= Le ie “(1 + avV/w +=) (1 — coswW). (22) 


a2 


Since this density is monotonically decreasing for 
wW<z7, as in the case of H, for the triangular pulse, 
we find it necessary to investigate wi/2. It can be shown 
that 


| £5(0) |? = Lew?/2, (23) 
so that for distances such that wW is small, 


ae hae (wW)? 
(1 + aVw + a?w/2) 


ae 2 


ava 


be 


1 
_ Peg ite: (24) 


is the determining equation for w!/2>This gives 


oP l= po peal, (25) 
with the result p’=2.674 or 
(2.674)? 
Oy) 2 == 7 ae ‘4 (26) 
a2 


Evidently the loss of high frequencies occurs in a man- 
ner similar to that of the triangular pulse; 7.e., either 
W@» OF @1/;2 decreases with distance as 1/7”. 


PHASE VELOCITY 


In a highly conducting medium (o>>we) the phase 
velocity for a monochromatic wave is known to be 


V5 

bo 

It has been shown that w, for a transient pulse at large 
distances varies continuously as r~®. By substituting 
w=, in the above equation, we define a velocity vp 
which is associated with the peak of the energy spec- 
trum. Taking w, for the electric field (triangular pulse), 


o=4 mho per meter, and w=47 X10~" henry per meter, 
we find: 


v= 


(27) 


1.143 & 108 


Vp = ————— meters/second. (28) 
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At 1 kilometer in sea water, vp is thus seen to be 1143 


meters/sec. Since w, at 1 kilometer is 3.28 radians/sec 
(W<0.1 sec) and since a monochromatic wave of fre- 
quency 3.28 radians/sec propagates at a constant phase 


velocity of 1143 meters/sec, it is evident that the action 


of the medium on the spectrum of the pulse is simply 
that of low-pass filtering. 


GENERAL CONSIDERATIONS 


Although the foregoing calculations have been carried 
out for only two particular types of transient, it is ob- 


_ vious that the same procedure is applicable in any case. 
When computational difficulties arise, the information 
_ of interest can always be obtained from point-by-point 


graphical plots, numerical calculations, etc. 
The most obvious and the most important factor in 


an analysis of this kind is the assumed linearity of the 


medium. After a transient has traveled an arbitrary 


‘distance, its spectrum can be considered to consist of a 
superposition of monochromatic components, each of 
which has been acted upon as if it alone existed. In 


any particular situation, knowledge of the general 
attenuation vs the frequency-distance characteristics 


_ of the medium enables one to make an educated guess as 


to how a spectrum will appear at various distances from 
the source. Guesswork on such a basis should tell us 
that the generation of high-frequency components is 
quite undesirable for communication over appreciable 


‘distances. It is this point that has been demonstrated 
by a specific analysis for triangular and rectangular 


pulses. 

Propagation in a conducting medium is analogous to 
propagation along a transmission line under two dif- 
ferent situations. This analogy can be seen by inspec- 
tion of the general equation for voltage on a line with 


distributed parameters R, L (in series) and C, G (in 


- shunt): 


07” Ov 
— = RGv+ (RC + LG) —+ LC 
Ox? ot 


070 
: (29) 
th 


ea 


Setting L and G or R and C equal to zero gives an 


equation corresponding to that obtained by omission 


‘of the displacement current term from the wave equa- 


tion: 


VE G0) 


VE vue ae 
= —. Me . 
oe ot ot? 


The result is the diffusion equation in each case. Phys- 


‘ically, it is somewhat more satisfactory to use the 
‘analog obtained when R and C are zero, since the units 


then correspond more directly. 
This well-known analogy is mentioned here because 


the RC transmission line was originally investigated 
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more than 100 years ago,’ and, as would be expected, 
some important conclusions as to its performance have 
long been known.’ These results are immediately ap- 
plicable to the situation that is the topic of this paper. 
Some of the major conclusions are as follows: 


1) Signal velocity is inversely dependent on distance. 
2) The pulse shape is “smeared out” in time. 


3) Consequently, there is a limitation on signaling 
rate. 


CoNcLUSIONS? 


After a fairly small distance of travel in an infinite 
conducting medium, most of the energy in a transient 
pulse is contained in a frequency range around its 
lowest spectral peak. An analysis of the behavior of this 
peak or its half width, therefore, gives a good description 
of what is happening to the major portion of the energy 
in the pulse. Under the conditions assumed, it has been 
shown in the case of triangular and rectangular pulses 
generated by a magnetic dipole that the energy spec- 
trum displays the following characteristics: 

1) As distance increases up to a critical value which 
can be determined in terms of pulse width, there is a 
slow shift downward in the frequency w, at which the 
spectrum peak or its half width occurs. In this range, 
the electric field associated with w, decreases approxi- 
mately as r~*, while magnetic fields decrease as r-. 

2) After the critical distance is reached, w, shifts 
downward proportionally as r~*. Then the electric 
field associated with w, decreases as r~*. In this “far” 
range an r* behavior continues to obtain for the mag- 
netic fields. 

3) The same considerations apply to propagation of 
transients as to propagation of continuous waves; 
namely, the range of transmission sets an upper limit to 
the frequencies which can be sent with minimum at- 
tenuation. Energy put into frequencies above this 
limit is essentially wasted. 


™W. Thompson (Lord Kelvin), “On the theory of the electric 
telegraph,” Proc. Roy. Soc., vol. 7, pp. 382 ff; 1856. ; ; 

5 The authors of some recent papers on electromagnetic transients 
in a lossy medium have apparently been unaware of these transmis- 
sion line investigations. A very good discussion of the RC transmis- 
sion line is contained in the book by E. Weber, “Linear Transient 
Analysis,” John Wiley and Sons, Inc., New York, N. Y., vol. II, 


~ ch. 7; 1956. Another briefer discussion of this subject is in R. K. 


Moore’s “Traveling Wave Engineering,” McGraw-Hill Book Co., 
Inc., New York, N. Y.; 1960. ree 

® Since this paper was first submitted, a communication has ap- 
peared by S. H. Zisk, “Electromagnetic transients in a conducting 
medium,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-6, 
pp. 229-230; March, 1960. Zisk uses an integration, by means of 
the saddle-point method, to obtain a time-domain result from which 
he concludes, as in this paper, that Richards’ results arise because of 
dispersion in the conducting medium. 
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Reflection Factor of Gradual-Transition Absorbers for 
Electromagnetic and Acoustic Waves* 


KLAUS WALTHER} 


Summary—Absorbers for electromagnetic or acoustic waves are 
described, for which a good impedance match and low reflection 
factor can be achieved by providing a gradual transition of material 
constants into the lossy medium. The reflection factor can be calcu- 
lated by means of a Riccati-differential equation. General conclu- 
sions from the WKB-perturbation method can be drawn for ab- 
sorbers, the layer thickness of which is either very small or very 
large in comparison to the wavelength. For ‘‘thin” layers, wave 
energy penetrates the whole thickness of the absorber. Suitable 
average values of the material constants are derived to describe 
the performance of the panel in this case. For ‘“‘thick” layers only 
the initial part of the panel is energized. The asymptotic expressions 
contain only the material constants of this part. The results are 
interpreted physically. Numerical solutions of the reflection factor 
for highly refractive panels with exponentially varying material con- 
stants are reported. 


I. INTRODUCTION 


HE PROBLEM of absorbing electromagnetic 
lee acoustic waves is important for many ap- 
plications in measuring techniques, for the con- 
struction of anechoic chambers, and for camouflaging 
targets in radar and sonar detection. Only plane waves, 
which propagate in a direction perpendicular to a plane 
absorbing surface, shall be considered here. The cases 
of electromagnetic and acoustic waves can be treated in 
complete analogy. Assuming normal incidence and 
isotropic media, the differential equations become 
identical in both cases. Various basic principles can be 
utilized in constructing absorbers. A good summary of 
these can be found in a paper by Meyer and Severin.! 
One objective in absorber design is to achieve a low 
reflection factor over a frequency range as large as 
possible and simultaneously to keep the thickness / of 
the absorbing layer very small in comparison to the 
free field wavelength \. This paper considers the prin- 
ciple of the gradual-transition absorber: A layer of 
lossy material covers a perfectly reflecting plane sur- 
face. By varying the material constants within the lossy 
panel, a good impedance match between the free propa- 
gation medium and the absorbing structure can be 
achieved. Such a gradual transition can be realized 
either by arranging a homogeneous lossy material in 
the form of wedges and pyramids or by using layers of 
varying material constants. 
If the absolute amount 7 of the amplitude reflection 
factor for a gradual-transition absorber is plotted as 
a function of the ratio //X, the reflection decreases with 


* Received by the PGAP, April 14, 1960; revised manuscript 
received, June 16, 1960. 

+ Research Labs. Division, Bendix Corp., Southfield, Mich. 

1K. Meyer and H. Severin, “Absorptionsanordnungen fiir 
elektromagnetische Zentimeterwellen und ihre akustischen Ana-~ 
logien,” Z. angew. Phys., vol. 8, pp. 105-114; March, 1956, 


some oscillations as //A increases. A satisfactory per- 
formance of absorbers can be specified by the require- 
ment r<10 per cent. For well designed sound and 
microwave absorbers this condition can be realized in 
the range 1/A20.2. For low frequencies a large layer 
thickness 1 would thus be required. One idea for the 
reduction of the //A-cutoff value is to apply lossy ma- 
terials with a high index of refraction. Thus, the wave- 
length within the material can be reduced far below 
the free-field value. Artificially refractive media for 
microwaves and sound waves are well known.?* 

This paper derives the differential equations for the 
electromagnetic and acoustic inhomogeneous absorber. 
Some general conclusions for absorbers, which are either 
very thin or very thick in comparison to A, are drawn. 
The performance of gradual-transition absorbers is 
then illustrated by several numerical solutions for 
highly refractive panels, in which the material con- 
stants vary according to exponential functions. 


Il. THe RiccATiI-DIFFERENTIAL EQUATION FOR THE 
GRADUAL-TRANSITION ABSORBER 


A. Electromagnetic Waves 


The theory of electromagnetic wave propagation in 
an inhomogeneous dielectric medium can be found in a 
paper by Barrar and Redheffer.t Consider a medium 
in which the material constants €(x) =e’ (x) —je’’(x) 
and u(x) =m’(x) —ju’’(x) depend on one coordinate x 
only. e(x) and p(x) are, respectively, the relative dielec- 
tric constant and permeability referred to the free-space 
values €9 and po. A linearly polarized plane wave of time 
dependence exp (jw#) is assumed to propagate in parallel 
to the x axis. Then Maxwellian equations read 


dH,(x) 
: = — Jweve(x) Ey (x) 
x 1) 
dE, (x) 
=> jomou (x) H2(x) 
dx 


where 


E,(x) =electric field strength 
H,(x) = magnetic field strength. 


2 W. E. Kock, “Metallic delay lenses,” Bell Sys. Tech. J., vol. 27, 
pp. 58-82; January, 1948. 

3 W. E. Kock and F. K. Harvey, “Refracting sound waves,” J. 
Acoust. Soc. Am., vol. 21, pp. 471-481; September, 1949. 

‘RB. Barrar and R. M. Redheffer, “On nonuniform dielectric 
media,” IRE Trans. ON ANTENNAS AND PROPAGATION, vol. AP-3, 
pp. 101-107; July, 1955. 


. 
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An electric wave impedance Z,(x) can be defined for 
every position x within the layer: 


E, (x) 
H,(x) 


Zit) = — (2) 


The minus sign in this definition is necessary because of 
the choice of the coordinate system in Fig. 1. A differen- 
tial equation satisfied by Z.(x) can be derived by means 
fot (1): 


ie ih Ee (Ey 1: dH, 
dx Tae 1G irae Ti fe 
= jopou(x) — joece(x)Z.?(x). (3) 
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density, referred to the values xo and po for the homo- 
geneous medium in front of the absorber. A plane sound 
wave of time dependence exp(jw) shall propagate in 
parallel to the x axis. Then the sound field equations for 
small amplitudes can be written 


dV 
— = — jokox(x) P(x) 
x 

dP(x) ‘i , (6) 
rae Jepop (x) V (x) | 


where P(x) =sound pressure and V(x) =particle veloc- 
ity. 
The acoustic wave impedance Z,(x) is defined 


The amplitude reflection factor R.(x) is defined Z.(x) P(x) (7) 
ane) : 
eee a 4 Be 
pated ZA(x) + Zo (4) A differential equation for Z,(x) can be derived from 
j cae (6): 
where Zo=Vu/e9=3772=Wwave impedance of free ; 
space. Eq. (3) may be transformed into a Riccati- dZa aie 1 @P ee (=) 1 a 
differential equation for R,.(x) 3~7 dx Vii dx VjOere as 
dR, = = jwpop(x) — jwxox(x)Za?(x). (8) 
= y2— — R.)? 5 : ° : a be 
dx J yee le(a)(1 + Re) pie)ie a) The acoustic amplitude reflection factor Ra(x) is given 
by 
where \, = 27/w (€o0)—” is the electric free space wave- Zilx) —Z 
; Hoe 
length. R,(x) = ————_» (9) 
Zax) + Z 
TERMINATING 
WALL / where Z= +/po/ky is the wave impedance of the homo- 
ABSORBING | geneous medium in front of the absorber. Eq. (8) may 
| _ be transformed into a Riccati-differential equation for 
; f(x), g(x) | Ba, 
| dRa me 2 
| pe MEDIUM nen aloe (eles) — p(x) oR.) aa) 
| | (x) = g(x) =| a, a 
where \q=27/w(Kopo)~!? is the acoustic wavelength in 
0 apn, . the homogeneous medium in front of the absorber. 
é é= ] : €=0 


C. The Analogy 


Since (5) and (10) are identical in form, the reflection 
factor R for the electromagnetic and acoustic cases can 
be evaluated by the same differential equation: 


Fig. 1—Inhomogeneous absorbing panel of thickness 1. 


~B. Acoustic Waves 


The theory of acoustic wave propagation in an in- 
‘homogeneous medium can be found in a paper by — = 
Bergman.® The material constants «(x) =x’ (x) —jx’’(x) 
and p(x) =p’(x) —jp’’(x) of the acoustic medium are 
assumed to depend on one coordinate « only. x(x) and 
_ p(x) are, respectively, the relative compressibility and 


7 = [e(a(1 + R)2— fd — RJ, (11) 


where the analogy 
f(x) = u(x) — jo(x) = u(x) 2 ela) 
g(x) = s(x) — jt(x) = e(x) A x(x) 
between electric and acoustic quantities is used. 
According to (4) and (9) a boundary condition R= +1 
corresponds to a “magnetic” wall (surface of zero mag- 
netic field strength) in the electromagnetic case and to 


a rigid wall in the acoustic case. The condition R=-I1 
requires an “electric” wall (metal plate) or a pressure 


(12) 
(13) 


5 R. M. Redheffer, “Reflection and transmission equivalences of 
- dielectric media,” Proc. IRE, vol. 39, p. 503; May, 1951. 

6 R. M. Redheffer, “Novel uses of functional equations,” J. Rat. 
- Mech. Anal., vol. 3, pp. 271-279; March, 1954. - 
"7B. M. Redheffer, “Limit-periodic dielectric media,” J. Appl. 
 Phys., vol. 27, pp. 1136-1140; October, 1956. / : ; 

8 P. G. Bergman, “The wave equation ina medium with a variable 
-qndex of refraction,” J. Acoust. Soc. Am., vol. 17, pp. 329-333; April, 
1946. 
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release surface in the two cases, respectively. Inter- 
changing f(x) and g(x) in (11) is equivalent to changing 
the sign of R(x). According to (4) and (9) this cor- 
responds to replacing impedance by admittance and 
vice versa. This is the well-known principle of duality. 


III. Some GENERAL PROPERTIES OF THE REFLECTION 
FACTOR FOR THE GRADUAL-TRANSITION ABSORBER 


A. Interpretation of the Reflection Factor for an I nhomo- 
genous Medium 


The geometry of the problem under consideration 
is shown in Fig. 1. An absorbing panel is terminated at 
x=0 by a totally reflecting wall. At the front surface 
x=] the material constants shall be the same as for the 
homogeneous propagation medium, /(x) =g(4)=1 for 
x >Jl. The gradual transition of material constants is 
represented schematically by the functions f(x) and 
g(x). A solution R(x) can be computed from (11) with 
the proper initial condition at x=0. The point RD) is 
the reflection factor of the total layer. A physical inter- 
pretation of the solution R(«) is possible also for a point 
xoXl. The definition of R(x) in (4) is due to Redheffer.® 
The Redheffer-reflection factor R(x») represents the re- 
flection from an inhomogeneous panel, in which the 
region x)»<x<J has been replaced by a homogeneous 
medium of material constants f(x) =g(x)=1 (Fig. 2). 


TERMINATING 
WALL 


ABSORBING 
PANEL 


N 
Ni HOMOGENEOUS 
N MEDIUM 


\Vf(x)= 


~ 


f(x); g(x) 


g(x) =] 
| 
| 


| = 


x= 2 x 


Fig. 2—Interpretation of the Redheffer reflection factor at x=xo. 


x=O X= Xo 


A different approach to the problem of wave propaga- 
tion in an inhomogeneous medium may be found by de- 
fining the reflection factor R,(x): 


Z (x) — Vu(a)/€(@) 
Z Ax) + Vu(x)/e(2) 


instead of using (4). Kay® associates this approach with 
the name of Schelkunoff (see additional references in 
his paper®) and compares several aspects of the “Red- 
heffer” and “Schelkunoff” methods. The definition in 
(14) leads to a different Riccati equation for R,(x), re- 
quiring f(x) and g(x) to be differentiable. A solution 


R.(x) = (14) 


7 AL nay, “Reflection of a Plane Wave by a Stratified Me- 
dium,” McMillan Lab., Inc., Ipswich, Mass. Tech. Rept., Contract 
AF18(600)-1044; November 22, 1954. 
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R,(x) at x=x9#l corresponds to the reflection from 
an inhomogeneous layer, in which the whole region 
x >x9 has been replaced by a homogeneous medium 
of material constants f(xo) and g(x) (Fig. 3). Since in 
general f(xo) and g(xo)#1, the intermediate points 
R,(xo) according to the Schelkunoff method do not 
represent physically interesting solutions for the ab- 
sorber problem. On the other hand, the intermediate 
points of the Redheffer solution (Fig. 2) may give use- 
ful information on the effect of cutting away part of 
the panel (reduction of layer thickness, effect of an ini- 
tial step). For the point x=/ the results of both methods 
are identical, if layers with no initial step are consid- 
ered. An example of the Schelkunoff method for calcu- 
lating the reflection factor of gradual-transition sound 
absorbers can be found in a paper by Miller.1° We 
prefer to use the Redheffer method in this paper. 


TERMINATING 
WALL 


INHOMOGENEOUS 
MEDIUM 


HOMOGENEOUS 
MEDIUM 


(x); g(x) 


x=0 


X= Xo 


Fig. 3—Interpretation of the Schelkunoff reflection factor at «=x. 


B. Behavior of Panels, Thin Compared to Wavelength 


Integration of the Riccati equation (11) normally | 


leads to nonelementary functions and has to be ac- 
complished numerically; such results are reported in 
Section IV. Some general conclusions can be drawn, 
however, for the limiting cases of a layer thickness / 
which is either very small or very large in comparison 
to the wavelength X. 

1) Taylor-Series Solution of the Riccati Equation: 
For the case 1/AK1 the quantity r(x) =| R(x) | may be 
calculated from (11) in the form of a Taylor series, 
starting at the point x=0: 


v=0 ax’ 


yy, 


p! 


(15) 


A similar method has been applied by Sampson." Re- 
sults shall be given here only for two simple cases 
(Table I). These can be characterized physically by the 
facts: Case 1 shows high energy dissipation near the 
terminating surface x =0. In Case 2 a low energy dissipa- 


10 N. B. Miller, “Reflections from gradual transition sound ab- 


sorbers,” J. Acoust. Soc. Am., vol. 30, pp. 967-973; October, 1958 

_ 11 J. H. Sampson, “Some Absorbing Panels with Variable Dielec- 
tric Composition,” McMillan Lab., Inc., Ipswich, Mass., Tech. 
Rept., Contract AF18(600)-1044; December 20, 1954. 
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TABLE I 


Case 1: High Energy Dissipation Near x=0 


| Case 2: Low Energy Dissipation Near x =0 


Electromagnetic Waves 


a) Electric losses—Magnetic wall 
b) Magnetic losses—Electric wall 


a) Electric losses—Electric wall 
b) Magnetic losses—Magnetic wall 


Acoustic Waves 


a) Compressibility losses—Rigid wall 
b) Density (friction) losses—Pressure release wall 


a) Compressibility losses—Pressure release wall 
b) Density (friction) losses—Rigid wall 


tion near the terminating surface «=0 prevails. The 
energy N dissipated per unit volume is proportional to: 


for electromagnetic waves: 
N. pe é!- FE? a pe’ - 
for acoustic waves: 


Na™ «> P? + p”-V?. 


In the following cases we assume that only one type of 
loss mechanism is present, putting either f(x) or g(x) =1 
in (11). The possible “simple” cases are summarized in 
Table I. 

The cases that can be realized most easily in ab- 
sorber design are Case 2a) for microwaves, Case 1a) for 
waterborne sound, and Case 2b) for airborne sound. The 
Taylor-series expansion of (15) shall be given for Cases 
1a) and 2a) as examples: t(x) =e’’(x), 


Case 1a): 


dor 
r(a)~1—- = é’(0) x 


Pe Oa) let 09 
aes ——— — “x 
ae : A \dx/o 
Case 2a): 
1 a? ‘ft “3 
Hx) 1 a2 e’ (0) x 
3 aA 
-=(=) gpbesfet « (17) 
XS \ dx7 0 


These curves are shown in Fig. 4. For the case of high 
energy dissipation a sharp drop of r(x) near x =0 can be 
observed. In the case of low energy dissipation the 
curve r(x) starts from the point, y=1, with a hori- 
zontal slope, the deviation being given by a third-order 
term. 

It should be emphasized that the convergence of the 
series (15) is very poor. Moreover, this approach is not 
very satisfactory for a physical interpretation, since 
only functional values and derivatives at x=0 are speci- 


r(x) 


2 a) Low ENERGY 
DISSIPATION 


1a) HicH ENERGY 
DISSIPATION 


O 
Xx/r 


Fig. 4—Initial behavior of the reflection factor r(x) 
for “thin” absorbers: «/A<1. 


fied. For very “thin” layers energy is penetrating the 
full thickness / of the absorber. Therefore, it can be ex- 
pected physically that certain average values of the 
material constants f(x) and g(x) in the form of integrals 
Sé f(x) -wi(x)dx and fog(x)-w(x)dx are more appro- 
priate for the description of very “thin” layers. These 
relations will now be derived. 

2) WKB Solution of the Wave Equation: The WKB 
perturbation method for obtaining approximate solu- 
tions of the inhomogeneous wave equation has proved 
useful in many problems of quantum mechanics and 
wave propagation." We follow a treatise by Zharkovskii 
and Todes," but we consider a more general case. Sim- 
ilar approximation methods can be found in a paper by 
Pipes.¥ 

The wave equation for the electric field strength E(&) 
can be derived from (1), where the coordinate trans- 
formation £=1—x// has been used (see Fig. 1): 


aE z d(In u(é)) dE 


oe =0, (18 
i” He + (Rl)?e(£)u(é) E(é) (18) 


2 See, e.g., references in C. O. Hines, “Reflection of waves from 
varying media,” Quart. J. Appl. Math., vol. 11, pp. 9-31; April, 1953. 

13 A. G. Zharkovskii and O. M. Todes, “Reflection of waves from 
an isotropic inhomogeneous layer,” Soviet Phys. JETP, vol. 4, pp. 
701-703; June, 1957. : : 

41. A. Pipes, “Computation of the impedances of nonuniform 
lines by a direct method,” Trans. AIEE, vol. 75, pp. 551-554; 
November, 1956. : 
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where k/=27l/\. A solution of this equation is sought 
in the form: 


gE 
E(®) = Et-exp (ja f feat) 


+ E--exp (ii f “r.@ae), (19) 


The functions f,(£) and F,(&) satisfy the following first- 
order differential equations: 


, df, _ d(np) | ie 
Pyles fre | pigs GH ie 
and 
4 ; dF, Sy d(in ) &s 
+jkil[eu — F.2] + | ii a F.| Oma a2) 


For the case of very thin layers k1<1 we use asymptotic 
expansions of the form: 


co 


(GS LEA) (22) 
and 
F.@) = Fil). (23) 


Eqs. (20) and (21) are solved by a perturbation method. 
An approximate solution E(&) satisfying the short-cir- 
cuit boundary condition at £=1 can thus be derived: 


TE) A-exp| —(AD* 


E Ly 
foe f (= waar | sinee ey) 


where 


ig 
0) = BI. f ule)de! + 2(R1)8 


fae f xe ee é p) de dé dé’, 


This expansion is correct including terms of order (ki)3. 
By application of Maxwell’s equations (1) the nor- 
malized input admittance for the front surface £=0 of 
the layer may be derived: 


LS aey 
aie 


0) 


Ic Gaur 71 4 200? 


i u(é’) if (e — w)dé'dé’| cotang(é). (25) 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


After some mathematical manipulations, including re- | 


moval of multiple integrations, (25) can be rewritten 
for the normalized input impedance and may be in-— 
terpreted physically for simple cases. 

Assuming p(¢)=1, the result, including terms of 
order (kl)’, reads 


Ly Rye 
Tee wea ae e(E)wi(é)dé, (26) 
Lie 3 0 ag 7 
where the weighting function 
1 
wm =3d-95 f w@d=1 7) 
0 


has been introduced. If this result is written in the form 


kl)? eee 1a Boe Bed 
Wn 


hye 
ees: Zi, (28) 


yb aLoe 
y Jj Jj 


oO 


it is equivalent to the input impedance of a homogene- 
ous layer with average dielectric constant. 


Pie f e(E)ws(£)dk. (29) 


In the case e(£) =1, the expansion of the normalized 
input impedance may be written. 


Z 


ea f — H(Ode + 58D"? uf le i Heads. (30) 


In order to show the physical significance of this re- 
sult more clearly, we consider a layer in which the 
permeability u(é) differs by only a small amount p(€) 
from the homogeneous value w: u(£) =u+y(é). For this — 
case we can rewrite (30) in the form 


Zi 


Pig ikl ai u(E)wa(é)dé 


+ 


where the error A 


A= 6 f oe) fi veneer a | f @esoas] (32) 


is a second-order term in v(€) and can be neglected, when- 
ever |v(é) | <p. Thus, the almost homogeneous layer 
can be represented within a good approximation by 
means of two weighting functions: 


we(é) = 1 (33) 


3 if 
w() = 38-8 if wide = 1. G4) 


which are different for the two degrees of expansion in 
(Rl). 


AS TO ee at a > 


November | 


ei 


j "I ( it os) +a], 60. 
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These analogies with the homogeneous case suggest 
the definition of two average values of the permeability: 


a= f meas 


(35) 
1 1 
@=6f se) [ weracras (36) 
0 é 
Using these values, (30) may be rewritten 
rege _ (kl) ng a 
7 RR GB)? ihn + Bw +--+ (37) 


0 


This is a well-known result for the homogeneous case, 
where @=fi=un. 

The weighting functions wi(é) through w;(£) for a 
short-circuit termination at £=1 are plotted in Fig. 5. 
A physical interpretation suggests that wi(£) has to be 
zero near £=1, because in a region of low electric field 
strength a dielectric constant of the material cannot 
be effective. From (27) it could be concluded that a 
variation of dielectric constant 


ete Le) 


would result in a constant value of the weighted di- 
electric constant e(£)-wi(£) throughout the layer and 
should have favorable applications in absorber design. 
Such a function (38) was considered by Jacobs." This 
author arrives at (38) by attempting to find a function 
e(£), for which the fractional change 1/e-de/dé referred 
to the “local” wavelength \(£) =d/Ve(~) is the same 
small constant a for all positions & within the layer: 


1 de Needles <6 
: =e SOS 
Qre(~) dé Qr «3/2 dé 
A(é) 


This statement may be similar to our interpretation of 
(38). Because of the singularity of (38) at €=1 we have 
to be cautious, however, in drawing too many conclu- 
sions from perturbation theory. 

From a similar physical reasoning the weighting 
function w2(£) should be unity near the short circuit 
€=1, since in a region of maximum magnetic field 
strength the permeability can be fully effective. The 
higher order weighting function w;(£) should decrease 
with the distance from the terminating wall, since the 
magnetic field strength decreases. The functions wi(é) 
and w;(£) should thus have an opposite trend. 

Assuming frequency independent material constants 
e€ and uw, the impedance curves corresponding to (28) 
and (37) are shown schematically in Fig. 6. For the 
case of electric losses (curve 1), the deviation from the 
‘imaginary axis is given by a third-order term in w. In 
the case of magnetic losses (curve 2), the impedance 


1%], Jacobs, “The nonuniform transmission line as a broadband 
termination,” Bell Sys. Tech. J., vol. 37, pp. 913-924; July, 1958. 
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Fig. 5—Weighting functions w,(£) for “thin” absorbers: 
_ wi(é) = 3(1 — £2, 
walt) = 1, 


g=0 


3 
ws(é) = 3 — 2 eZ 


J sae = 1. 
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a 
A 


day Re(Z;/Z,) 


Fig. 6—Impedance curves for “thin” absorbers. 


(a) Yo < Vo (b) Yo = Ve (c) irq Sd 

Curve 1: electric losses, short-circuit termination. Pace. 
Curve 2: magnetic losses, short-circuit termination; tan Y=p"’/y’. 
Curve 3: conductivity losses, short-circuit termination. 

Curve 4: conductivity losses, open-circuit termination. 

Yo =averaged value of the “area-conductance.” 

Y,=critical value of the “area-conductance.” 


curve starts at an angle wy off the imaginary axis, where 
tan y= pela’. 

The reflection factors corresponding to (28) and (37) 
are 


| R| a ahs pa [37 +. - - for electric losses (39) 
and 
Aa eee : 
R| =A xa + --.- for magnetic losses. (40) 


These functions are shown in Fig. 7, curves 1 and 2. 
A comparison with the initial parts of (16) and (17) 
shows that the averaged values of e’’ and u’’ have been 
substituted for the initial values at £=1. [Instead of 
(16) the dual case has to be considered. | 
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> 
L/» 
Fig. 7—Initial behavior of the reflection factor |R| for “thin” ab- 
sorbers: //A<1. B isay 
Curve 1: electric losses, short-circuit termination. 
Curve 2: magnetic losses, short-circuit termination. 
Curve 3: conductivity losses, short-circuit termination. 
Curve 4: conductivity losses, open-circuit termination. 


Ro -— Zo 


| Rlo = Ro +Zo 


A different result is obtained if frequency dependent 
losses are taken into account. A loss mechanism, in 
which the loss factor is proportional to w', has special 
interest for very thin panels at low frequencies. Ex- 
amples of such loss mechanisms are: 1) ohmic conduc- 
tivity o in the case of electromagnetic waves and 2) 
viscous friction in the case of acoustic waves (porous 
absorbers). Only the first case shall be considered here. 

Substituting the expression for ¢’=¢/we) into (28) 
gives the following result for the short-circuit case: 


Zain aos Zonk! 


(2. eae yi ally ei 
/ bps 3 Ro 3 


(41) 


Here the normalized frequency 2= (w/c)l and the aver- 

aged “area-resistance” Ry =1/al of the layer have been 

introduced, where o= fola(£)-wi(é)dé is the averaged 

conductivity. The reflection factor corresponding to (41) 
reads 

R| : 87? 2 Z " 

aa aN Re 


(42) 


These relations are shown graphically as curve 3 in 
both Fig. 6 and Fig. 7. The deviation of the impedance 
curve 3 (Fig. 6) from the imaginary axis is given by a 
second-order term in w and thus is much more effective 
than in the case of curve 1. Fig. 7 shows that the reflec- 
tion factor for curve 3 drops much faster with increas- 
ing //\ as compared to curve 1. The low-frequency prop- 
erties of a “thin” conductive layer with short-circuit 
termination can be described qualitatively by the 
equivalent circuit of Fig. 8.18 

The case of a conductive layer with open-circuit 
termination at £=1 gives considerably different results. 
If e(€) is substituted instead of w(é) and the normalized 


16 Ibid., p. 916. 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION ~ 


November 


INPUT EA TERMINATION 


Cy | 


Fig. 8—Approximate equivalent circuit for the “thin” con- 
ductive layer with short-circuit termination. 


input admittance Y;/Y, is written instead of Z;/Z, the 

following result can be obtained directly from (37): 
Ya (Rl)* 

— = jklé+ j-——: (©). 

vais Baie, (é) 


0 


(43) 


By inserting the value e=e’ —j(¢/weo) the expansion in- 
cluding linear terms in frequency can be written. 


oa ae 
shee eae V4 Mr eel 
where Q=(w/c)l is the normalized frequency and ¢’ 


= fie'(6)dé. Two averaged values for the “area-con- 
ductance” of the layer have been introduced: 


(44) 


awd 


1 
Vo = ol, where a =f: o(&)dé (45) 
0 


Me 1 1 
Y,=¢1, where (¢)? = 6f eo(e) f o(&’)dé’dé. (46) 
0 E 
The normalized input impedance Z;/Z, corresponding 
to (44) is plotted as curves 4a through 4c in Fig. 6. All 
these curves start with a finite real value of the input 


impedance Z;= Rq=1/Yq. The reactive behavior de- | 


pends on the value of the average area-conductance 
Yq with respect to a critical value 


Vis fy se, (47) 


Low conductive layers with Yy> Y, show a capacitive 
component; highly conductive layers with Y <Y, are 
inductive. In the case Yqg= Y., the first-order reactive 
component is zero. From higher-order approximations 
the frequency dependence of curves 4a through 4c in 
Fig. 6 can be derived. The equivalent circuit of Fig. 9 
qualitatively shows the same behavior if the resistance 
Ry is varied with respect to the wave impedance +/L»/C.. 
The reflection factor corresponding to (44) starts with a 
finite value 


Ro — Zo 
eee 
Ro + Zo 


These facts are familiar from the theory of the Salis- 
bury screen, for which the area-resistance is chosen to 
be Ry =377 Q in order to match the absorber. The open- 
circuit termination in the case of electromagnetic waves 
can be realized in a resonance condition by placing a 
resistive foil at a distance of \/4 in front of a metal 
plate. A “magnetic” wall can only be approximated 


—=- ee” ee ee 


1960 


INPUT U2 TERMINATION 


Fig. 9—Approximate equivalent circuit for the “thin” 
conductive layer with open-circuit termination. 


roughly over a limited frequency band below the micro- 
Wave range by using media with |u| >| | (for in- 
stance, ferrites). 

The analogous acoustic case would be a porous ab- 
sorber in water near a pressure release surface. Such 
porous materials (for instance fiberglass) are very ef- 
fective as absorbers for airborne sound. However, the 
achievable friction losses with porous frameworks or 
similar structures for waterborne sound are much more 
limited.!""* The reason for this is partly that a motion 
of the absorbing structure cannot be avoided at low 
frequencies, thus the achievable friction is limited. Al- 
though the acoustic analog of a “magnetic” wall can be 
realized easily, for the reasons mentioned, the required 
layer thickness of the absorber would be rather large. 
Therefore the analysis for the “thin” layer cannot be 
applied in this case. 


C. Behavior of Panels, Thick Compared to Wavelength 


Section III-B dealt with the theory of the “thin” 
layer. The analysis and interpretation have to be 


rather detailed, because energy penetrates the full layer 


thickness /. If the other limiting case of panels, thick 
compared to wavelength, is considered, we should ex- 
pect physically a simpler situation. In this case only 
the initial part of the layer near the front surface £=0 
is energized. The multiple reflections from the termi- 
nating wall £=1 become more and more insignificant as 
the frequency increases. 

The analysis of the “thick” layer starts in a way that 
is analogous to the derivations in Section III-B, 2).” 
A solution of the wave equation (18) is sought in the 
form of (19), with (20) and (21) being the same. In- 
stead of the asymptotic expansions (22) and (23) we 
use 


ne} 1 m 

f(¢) = > (=) fee) (48) 
2) il ™m 

FA) = (=) Frm(®); (49) 


for the case ki>>1. The differential equations (20) and 
(21) are solved by a perturbation method. A solution 
E(é) satisfying the short-circuit boundary condition at 


17 E, Meyer and K. Tamm, “Breitbandabsorber fiir Fliissigkeits- 
schall,” Seg fecd: vol. 2, Beiheft 2, pp. AB 91-AB 104; 1952. ay 

18 K. Tamm, “Broad-band absorbers for water-borne sound,” in 
E. G. Richardson, “Technical Aspects of Sound,” Elsevier Publishing 
Co., New York, N. Y., vol. 2, ch. 6, pp. 240-286; 1957. 
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the terminating wall £=1 can thus be derived: 


Bley Savers BRAG eo) as| 
sin (1 if “va it). (50) 


The normalized input admittance for the front sur- 
face £=0 can be computed by means of Maxwell’s 
equations (1): 


a) ge bit] 
Y, 4klu(0)L dé d— Jeo 


= 5 4/< coran («1 f vacas), (51) 


Considering a layer without an initial discontinuity, 
€=u=1 for €=0, (51) can be simplified: 


sole) 4 
Vi AB Neen ae 
S77 cota. (al Vand) 
0 


i -— D+ — do 
D 4RI 


— j-cotan (a: f Vand) 
0 


(a) - (=) ‘ 
Uu)o = dé pee 


The real and imaginary parts of u(&) and e(€) have been 
substituted from (12) and (13). 

Consider the case of frequency independent material 
constants e(€) and u(é) first. Then the impedance curve 
corresponding to the first term in (52) runs to zero 
along a straight line in the complex plane as w>«. The 
second term in (52) represents the short-circuit input 
admittance of a transmission line with an averaged re- 
fraction index: 


(52) 


where 


1 
a= [ V@uB ak (53) 

0 
According to our assumptions, no initial discontinuity 
of wave impedance for this equivalent transmission 
line is present at £=0. From transmission line theory 
it is well known that the corresponding impedance plot 
is a spiral in the complex plane, approaching the point 
Y;/Y.=-+1 in a clockwise sense as w—> . In (52) both 
the real and imaginary part of the argument for the 
cotan function increase proportional to frequency. 
Therefore, the distance between any point of the spiral 
Y./Y.= —j cotan (kl: fo V/eudé) and the limiting point 
Y;/Y.=+1 vanishes according to an exponential func- 
tion of general form exp (—const //N). Since the first 
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term in (52) only vanishes like an inverse power in 
(1/d), this is the significant part for the calculation of 
the reflection factor | R| in the limiting case wo. 
Thus the following result can be obtained: 


AC Py he ole (a At t) 9” : 
167 
—/ 
ON 


(54) 


| Rinses = 


The reflection factor vanishes like (//)™ for 1/A> &. 
The only quantities of the layer which appear in this 
equation are the first order derivatives of the material 
constants at the front surface £=0. Reflections from the 
terminating wall can be neglected completely, since no 
energy enters this part of the absorber. By application 


of Schwarz’s inequality, Kay® has shown, generally, — 


that the Schelkunoff-reflection factor R, (14) cannot 
vanish as a weaker power than \1/? for the limit \—0. 
Eq. (54) breaks down for the case 


e(é) = u(é), 


because then the first term in (52) vanishes. However, 
in this case it is easy to derive an exact solution for R 


from (11): 
| An t 
exp (- Sif s(t). 


Thus, an exponential decay of | R| for all values //X 
should be expected. 

Eq. (52) shows that, in the general case, both effects 
are present simultaneously. The qualitative course of 
| R| with increasing //\ can thus be described as fol- 
lows. The reflection factor | R| shows damped oscilla- 
tions around a decreasing average value. The decrease 
of the average level is determined by the combination 
of an inverse power term and an exponential term in 
i/X. This also can be seen by plotting some of the 
numerical curves of Section IV on a double or semi- 
logarithmic scale. In neither of the two cases straight 
lines are obtained. Moreover, (52) shows that by in- 
creasing one type of material losses the oscillatory term 
can be damped out faster with increasing //A. However, 
at the same time the average level represented by the 
inverse power term is raised. Therefore, a compromise 
in choosing material losses is necessary according to the 
selected performance criterion for the absorber. The 
numerical solutions in Section IV shall illustrate these 
statements. 

In the case of ohmic conductivity losses (54) is not 
valid either. This can be seen from (52). Assuming 
u(é) =1, the argument of the cotan-function can be ap- 
proximated for very high frequencies: 


(55) 


eee (56) 


pt ior o(£) 
a f (/ a 
(i) WE 


© ar apt: ars) 
nh al €{€) db — 7 =— ———— 
C f Be ) : ! 2c€o 0 v/'(E) 


OS GM) 


IRE TRANSACTIONS ON ANTENNAS AND PROPAGATION 


The impedance values of ‘the function —j-cotan 
(RLf » Ve dé) are located on a closed limit-curve (w—> ~) 


around the point +1, which is determined by the finite | 


imaginary part in (57). Since the real part in (57) in- 
creases with w, rotations along this limiting curve con- 
tinue with increasing J/N. The reflection factor, accord- 
ing to the cotan-term in (52), does not approach zero, 
but shows fluctuations between two finite values which 
are determined by the distance from the limiting-curve 
to the point +1. For these considerations see also the 
papers of Lenz and Zinke."”° 


IV. Numericat Sotutions oF | R| FOR ABSORBERS 
WITH EXPONENTIALLY VARYING 
MATERIAL CONSTANTS 


In this section some numerical solutions for the abso- 
lute amount ¢ of the reflection factor of gradual-transi- 
tion absorbers shall be reported. These solutions have 
been calculated from the differential equation (11) by 
means of a Bendix analog computer. Some check solu- 
tions on an IBM 650 digital computer have been com- 


puted also. The accuracy of the calculations is estimated _ 


to be Ar= +1 per cent. 

Lenz?° carried out many analog measurements on 
electrical models of gradual-transition absorbers, in or- 
der to determine optimum functions for the variation 
of the material constants within the layer. In these 
measurements ohmic conductivity losses were studied, 
the real part of the dielectric constant being unity. A 
short circuit termination of the layer was assumed. In 
the investigations of Lenz, layers with exponentially 
varying conductivity losses show a favorable result. 
The condition r<10 per cent can be satisfied for all 
1/A>0.35. Layers with three sections of piece-wise 
constant conductivity even show a slightly better re- 
sult: y<10 per cent for all //A>0.33. Numerical calcu- 
lations of Sampson!! on some highly refractive dielectric 
panels also show some advantages for exponentially 
varying material constants. 

For these reasons we choose exponential functions to 
describe the variations of material constants in the 
numerical solutions. For the first part of the calculations 
[Figs. 10 through 18(b), pp. 618-619] we consider “sim- 
ple” cases according to Table I, for which either f(«) =1 
or g(x) =1 in (11). As an example the functions s(«) and 
t(x) and the boundary conditions for R(x) at x=0 are 
specified in Figs. 10 through 18(b). The physical inter- 
pretation of the results for either electromagnetic or 
acoustic waves can be accomplished easily by means of 
Table I and the analogy given in Section II-C, including 
the principle of duality. We consider the general form of 


 K. L. Lenz and O, Zinke, “Die Absorption elektromagnetischer 
Wellen in Absorbern und Leitungen mit abschnittweise homogenem 
Sea Z. angew. Phys., vol. 9, pp. 481-489; October, 1957. 
reflexionsarmen Absorption elektromagnetischer Wellen,” Z. angew. 
Phys., vol. 10, pp. 17-25; January, 1958. 
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functions g(x) = s(x) —j-t(x): 
s(x) = qg(-2/l) 


(a) = bO-#ID — 4, 


(58) 
(59) 


A more special form of equation (59) is also used 
throughout the computations: 


t(x) = claG-2/t) — 1] Ssels@)y— 3 (60) 


The coordinate system of Fig. 1 is used here. The real 
part of g(x) increases from a value s(/) =1 at the front 
surface x=/ to a maximum value s(0)=a at the ter- 
minating wall x=0. The loss part ¢(x) may have an 
initial step at x«=/, if d¥1 in (59). 

In Fig. 10 two solutions are plotted for comparison. 
The solid line represents the electromagnetic case of 
conductivity losses (t~1/w) with a short-circuit termi- 
nation. The dashed line corresponds to frequency inde- 
pendent losses. The differences between the two cases 
for small //X have been discussed in Section III-B, 2); 
also compare Fig. 7. The solid curve in Fig. 10 is very 
close to an example given by Lenz.?° The //X cutoff 
values for y<10 per cent are located between 0.35 and 
0.40. 

The solutions in Fig. 11 are to illustrate the electro- 
magnetic case of a conductive layer with an open-cir- 
cuit termination; compare Fig. 7, curve 4. The diffi- 
culties in realizing this case physically have been men- 
tioned in Section III-B, 2). The curves in Fig. 11 start 


- with finite 7 values for //A=0. Reflection factors below 


10 per cent are not accomplished over a wide //A range 
for low frequencies. For low conductivities (solid line 
in Fig. 11), a fairly good impedance match can be 
achieved for //A=0; however, the attenuation for 
higher frequencies is insufficient (57). Therefore, the 
reflection factor increases with //\. Increasing the con- 
ductivity (dotted line in Fig. 11) lowers the reflection 
factor for higher frequencies; however, a severe mis- 
match is caused for small //X values. 

Another interesting possibility of combining the 
principles of the Salisbury screen and the gradual- 
transition absorber has been pointed out by Deutsch 
and Thust.2! These authors suggest placing a resistive 
foil in front of a gradual-transition absorber in order 
to extend the low-frequency absorption range by means 
of a resonance effect. Kurtze” was able to improve the 
low-frequency. response of porous sound absorbers 
(wedge-type) by providing an air space between the 
wedges and the terminating wall. 

In order to study the effect of highly refractive panels 
for the construction of gradual-transition absorbers, 
several numerical solutions of r have been calculated. 
These are shown as a function of the ratio //) in Figs. 
12(a) through 18(b). Frequency independent material 


27. Deutsch and P. Thust, “Breitbandabsorber fiir elektro- 
Pe ate Wellen,” Z. angew Phys., vol. 11, pp. 453-455; Decem- 


, 1959. r 
ps G. Kurtze, “Untersuchungen zur Verbesserung der Auskleidung 


schallgedampfter Réume,” Acustica, vol. 2, Beiheft 2, pp. AB 104- 


AB 107; 1952. 
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constants are assumed. The maximum values of s(x) 
vary from 1 in Fig. 12 to 100 in Fig. 18. The parts (a) 
of Figs. 12 through 18 satisfy the boundary condition 
R(O)=—1. This case can be realized with electric 
losses and a short-circuit termination for electromag- 
netic waves. For parts (b) of Figs. 12 through 18 the 
boundary condition reads R(0)=+1. An example for 
waterborne sound waves can be realized with compres- 
sibility losses in front of a rigid wall. Some numerical 
solutions for this case have been reported by Miller,!° 
describing linear transitions in material constants and 
other functions. 

The results in Figs. 12(a) through 18(b) show that 
the smallest //A value for which r<10 per cent is ac- 
complished for the optimum case of Fig. 12(a) with 
s(x) =1 (see also Lenz’). For highly refractive panels 
(Figs. 16 through 18) oscillations due to multiple re- 
flections are observed. The “wavelength” of these oscil- 
lations decreases with increasing s(x), as we would ex- 
pect. Narrow-band resonance absorption for some 
points can be accomplished. However, judged from the 
ry<10 per cent criterion, these curves look inferior to 
the result of Fig. 12(a). The general behavior of these 
curves has been discussed in detail in Section III-C of 
this paper. If only one loss mechanism is present [f(«) 
=1 in Figs. 12(a) through 18(b) ], increasing the losses 
does not improve the performance of the absorber. The 
oscillations are damped out by this method, but the 
“average” level is raised at the same time (52). 

An improvement in the performance of highly refrac- 
tive panels can be achieved if two types of losses are 
present simultaneously (for instance, electric and mag- 
netic losses). The difficulties for realizing the desired 
condition f(x) = g(x) in absorber design for electromag- 
netic and acoustic waves are mentioned in the litera- 
ture.!3 Pottel?* points out some possibilities of realiz- 
ing the condition e=u for some anisotropic media in 
the microwave range. In artificial dielectric media both 
electric and magnetic losses are present simultane- 
ously, although generally |_| >>| u| in the microwave 
range.!3—25 Porous materials for absorption of sound 
waves in air (for instance fiberglass) show high friction 
losses and a small component of compressibility losses.” 
Plastic materials are used in underwater sound absorp- 
tion. Complex compressibilities and densities of the ma- 
terials can be adjusted in wide ranges by either intro- 
ducing cavities filled with different lossy materials or 
by loading the material with heavy, rigid obstacles, for 
instance metal disks, etc.1:3:1017.18 


3 R. Pottel, “Absorption elektromagnetischer Zentimeterwellen 
in kiinstlich anisotropen Medien,” Z. angew. Phys., vol. 10, pp. 8-16; 
January, 1958. F : 

* 7. M. Kelly, J. O. Stenoien, and D. E. Isbell, “Waveguide 
measurements in the microwave region on metal powders suspended 
in paraffin wax,” J. Appl. Phys., vol. 24, pp. 258-261; March, 1953. 

2% E. Meyer, H. J. Schmitt, and H. Severin, “Dielektrizitats- 
konstante und Permeabilitat kiinstlicher Dielektrika bei 3 cm Wel- 
lenlinge,” Z. angew. Phys., vol. 8, pp. 257-263; June, 1956. ; 

28 C. W. Kosten, “Behaviour of absorbing materials,” in “Techni- 
cal Aspects of Sound,” E. G. Richardson, ed., Elsevier Publishing Co., 
New York, N. Y., vol. 1, ch. 4, pp. 49-104; 1953. 
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dependent losses: g(x) =s(x) —j-t(x); f(x) =1. (a) Boundary con- 
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Fig. 11—Reflection factor r for layers with ohmic conductivity losses 
and open circuit termination. 
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Fig. 18—Reflection factor r for layers with one type of frequency in- 
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These examples illustrate that generally two types of 
losses can be realized simultaneously. However, either a 
condition al >| 2| or \f| <| g| may prevail. Figs. 19(a) 
and 19(b) show that even under such conditions a con- 
siderable improvement in the performance of highly re- 
fractive panels can be achieved. For the microwave 
case, Fig. 19(a) may represent a panel with high real 
part of dielectric constant s(0) =¢'(0) =50 and a small 
real part u(0) =p’/(0) =3.3 in permeability. It can, be 
seen that for increasing magnetic losses v(«) the typical 
oscillations of Fig. 18 are damped out very rapidly. At 
the same time, the “average” level is lowered, since the 
tendency is to approach the condition f(«) = g(x) in this 
case. Measurements of Pottel?? on mixtures of paraffin 
and carbonyl iron powder at frequencies around 4 
kmc show that the material constants of Fig. 19(a) can 
be realized approximately. It should be mentioned that 
for the calculations in Figs. 19(a) and 19(b) the material 
constants are assumed to be independent of frequency. 


In such artificial dielectrics, however, the magnetic 


losses vary with frequency according to a magnetic re- 
laxation process.?’ 

According to the criterion r<10 per cent, the curves 
in Figs. 19(a) and 19(b) do not show advantages as com- 
pared to the results of Lenz?® (see Fig. 10). If, how- 
ever, somewhat higher reflection factors can be tol- 
erated, for instance r<20 per cent, the case of highly 
refractive panels in Fig. 19 shows a definite improve- 
ment over the case s(x) =1 (Fig. 10). 

Experimental results for the reflection factor of grad- 
ual-transition absorbers show that, in practice, smaller 
1/X cutoff values for r<10 per cent can be obtained 
than those predicted from theory. For wedge-type por- 
ous sound absorbers the condition r<10 per cent can 
be realized for //A20.2 or even slightly smaller 
values.2228 For commercially available microwave ab- 
sorbers a similar situation prevails. Measurements by 
Haddenhorst?? on dielectric wedge structures show that 
for lossless dielectrics with moderate e’ values a wedge 
structure can be adequately described by the theory of 
an equivalent inhomogeneous layer. We feel, however, 
that the one-dimensional theory of inhomogeneous lay- 
ers is not completely satisfactory for describing the per- 
formance of highly absorbent wedge or pyramid struc- 
tures. For these cases the exact two- or three-dimen- 
sional boundary value problems have to be solved in 
order to get a better agreement with the experimental 
results. 


27. Lewin, “The electrical constants of a material loaded with 
spherical particles,” J. JEE, pt. III, vol. 94, pp. 65-68; January, 1947. 

28 |, Z. Pronenko and A. N. Rivin, “Absorbent linings of glass 
staple fibre for an acoustic test chamber,” Soviet Phys. Acoustics, 
vol. 5, pp. 387-388; February, 1960. 

29H, G. Haddenhorst, “Durchgang von elektromagnetischen 
Wellen durch inhomogene Schichten,” Z. angew. Phys., vol. 7, pp. 
487-496; October, 1955. 
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Fig. 19—Reflection factor r for layers with two types of frequency 
independent losses: g(«) =s(x) —4-t(x);- f@) =u) —7-2@); 
| f(x) || g(x) |. (a) Boundary condition R(0) = —1. (b) Boundary 
condition R(O) = +1. 


List oF SYMBOLS? 


1=thickness of absorbing layer. 
x, y, =rectangular coordinates. 
£=normalized length coordinate. 
\=wavelength in free propagation 
medium. 
k =27/\ = wave number. 
w=angular frequency. 
Q = (w/c)l=normalized frequency. 
c=w/k=phase velocity in free propaga- 
tion medium. 
wy(£)(v=1, 2, 3)=weighting functions for thin ab- 
| sorbers. 
E(x) =electric field strength. 
H(x) =magnetic field strength. 
e(x) =e’ (x) —ye’’(x) = relative dielectric constant. 
w(x) =p’ (x) —ju’’(x) =relative permeability. 
€)=absolute dielectric constant of 


free space. 
fo=absolute permeability of free 
it yespace: 
Zo= VM0/€0=electric wave impedance of free 
space. 


_ * Further symbols, which are used less frequently, are explained 
in the text. 
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P(x) =sound pressure. 
V(x) = particle velocity. 
K(x) =k’ (x) —jx’’ (x) =relative compressibility. 
p(x) =p'(x) —jp’’(x) =relative density. 
Ko= q 
: eos pores of homogene- 
po= absolute density fous Sea 
Z=~/po/ko=acoustic wave impedance of ho- 
mogeneous medium. 
Z(x) =general wave impedance. 
R(x) = “Redheffer”-reflection factor. 
R(x) = “Schelkunoff”-reflection factor. 
r(%) = | R(x) | =absolute amount of reflection 
factor. 
#(x) = u(x) eyed as functions in absorbing ma- 
g(x) =s(x) —jt(x){ terial. 
Y;/Y.=normalized input admittance. 
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_ Z;/Zo=normalized input impedance. 
og =ohmic conductivity. 
Rp=area-resistance. 
Yo= Rg !=area-conductance. 
“e” as a subscript = refers to the electromagnetic case. 


“a” as a subscript = refers to the acoustic case. 
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A New Sporadic Layer Providing VLF Propagation* 


J. ORTNER, A. EGELAND, anv B. HULTOVIST+ 


Summary—During two periods in May and July, 1959, following 
strong solar flares, the signal strength of receptions at Kiruna of 
VLF transmissions from Rugby (16 kc) showed no or only slight 
diurnal variation. It is proposed that the change of the diurnal varia- 
tion is due to the production by solar protons of an ionized layer 
very deep in the atmosphere, the electron density of which is suf- 
ficient for reflection of very long waves but too low to cause measur- 
able nondeviative absorption in the HF band at geomagnetic lati- 
tudes lower than approximately 60°. 


INTRODUCTION 


OLAR flares are known to influence VLF propaga- 
S tion in several ways. One of the most spectacular 

effects of the ultraviolet radiation emitted by such 
flares is the “sudden phase anomaly” of VLF transmis- 
sions, first reported by Budden and Ratcliffe [12], 
which permits good timing of the arrival of the electro- 
magnetic radiation upon the day side of the earth. The 
sudden ionospheric disturbance usually does not pro- 
duce any appreciable change of amplitude on very low 
frequencies, at least over distances shorter than 1000 
km [10], but there are indications that for waves re- 
flected at oblique incidence, the reflection coefficient of 
the ionosphere is reduced during an SID for frequencies 
less than 10 kc [17], [9], and increased for frequencies 
greater than 10 kc [13]. 


* Received by the PGAP, June 30, 1960. ; 
+ Kiruna Geophys. Observatory of the Royal Swedish Academy 
of Science, Kiruna, Sweden. ’ 


Some of the evidence as to the effect on VLF propa- 
gation of the beams of corpuscular radiation emitted by 
solar flares, which produce magnetic storms, is incon- 
clusive and in certain cases contradictory [24]. How- 
ever, several workers agree that over transatlantic 
paths, the effect of a magnetic storm on VLF propaga- 
tion is to reduce field strength at night and to increase 
it by day [16], [3], [4], [7]. In any case, the magnetic 
storm effect is not a spectacular one. 

A very great effect on VLF propagation, of a kind 
never before observed [18], [15], was produced by the 
solar eruption of February 23, 1956. 

Coinciding with the increase of cosmic ray intensity 
at about 0345 UT, a rapid diminution of the signal 
strength of atmospherics in the VLF and lower LF 
bands was observed by Aarons and Barron [1] (49 kc), 
Belrose, ef al. [8] (22 kc), Ellison and Reid [15] (24 
kc), Gold and Palmer [18] (27 kc), Ehmert and Revellio 
[14] (27 kc), and Lauter, et al. [25] (25, 35, and 40 
kc). A similarly rapid and substantial decrease of the 
field strength of transmissions from Rugby (GBR, 16 
kc) was found by Stoffregen [37] at Uppsala, Sweden; 
and an analogous phenomenon was recorded at Munich, 
Germany, by Schumann [34] for signals from the U. S. 
transmitter NSS (17.7 kc). At the same time, a sudden 
phase anomaly occurred in the receptions of GBR at 
Cambridge, England [8]. Allan, et al. [2] in New Zea- 
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land, and Pierce and Moritz [29] at Cambridge, Mass., 
observed a frequency increase of 16-kc transmissions 
from Rugby (GBR). 

As far as we are aware, the solar eruption of February 
23, 1956, is the only one for which a world-wide diminu- 
tion of VLF field strengths as described above has been 
reported. Most of the aforementioned observers state 
that the anomalous propagation conditions were detect- 
able only for a few hours, but in some cases abnormal 
conditions persisted throughout February 23 [8]. 


OBSERVATIONS AT KIRUNA, SWEDEN, OF UNUSUAL 
VLF PrRopAGATION IN May AND JULY, 1959 


The 16-kc transmissions from Rugby (GBR) have 
been monitored at Kiruna Geophysical Observatory 
since September, 1958, with only a few short interrup- 
tions. The geographical situation of the propagation 
path is shown in Fig. 1. 

An American “Radio Test Set AN/URM-6B,” cov- 
ering the frequency range 14-250 kc, was used for the 
receptions. The bandwidth was about 100 cps and the 
sensitivity of the equipment about 1 uv/m. The accu- 
racy of the field strength measurements was. 10 per cent 
or better at signal levels above 10 uv/m. The antenna 
was a shielded loop, consisting of 11 turns solenoid and 
having a mean diameter of 75 cm. It was mounted on a 
tripod approximately 6 feet in height. The signal was 
recorded by an Esterline-Angus milliampere meter 
with a paper speed of 5 inches per hour. 
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At the high northern latitude of Kiruna Geophysical 
Observatory (geographic coordinates, 67.8°N, 20:42 Es 


geomagnetic coordinates, 65.3°N, 115.5°E), the diurnal . 


variation curves for the various seasons have some spe- 
cial features which will be seen from Fig. 2, where some 
typical curves are reproduced. Thus, the well-known 
minima at sunrise and sunset overlap during the sum- 
mer months (there are two months of midnight sun at 
Kiruna), resulting in a pronounced minimum around 
midnight in that season. The gradual changeover from 
two minima to one is illustrated in Fig. 3, where the 
average normal curves for the periods May 1-9, May 
18-31, and July 1-9, 1959, are given, together with the 
disturbed condition curves. 

No evident effects of magnetic storms have been 
found, and it should be mentioned that the morning 
and evening minima (night minimum during the sum- 
mer) have been observed daily except for the few days 
that will be referred to below. 

Following four solar flares of importance 3+, which 
occurred on May 10 and July 10, 14, and 16, 1959, re- 
spectively, diurnal curves quite different from the com- 
mon type described above were observed. These 
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Fig. 2—Diurnal variation curves of VLF field 
strength for the various seasons. 


5 —— ee eeeeeen! ea eee 


12 18 24 06 
MEAN DIURNAL VARIATION 
ULY 1-9 —— MAY 1-9 —— 
ATalhy eoee 19415) a—e= 
NeFch bectanrrts 


12MET 


Fig. 3—Average signal-strength curves for the quiet periods May 
1-9, 18-31, and July 1-9, 1959, and for the disturbed periods 


Fig. 1—A map of North Europe showing the VLF-propagation 
May 11-14 and July 13-15, 1959. 
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curves are reproduced in Figs. 4-6 (pp. 623-624) and: 


should be compared with Figs. 2 and 3, showing the or- 
dinary diurnal variation for the same periods of the year. 

No sudden diminution of the field strength received 
within the first few hours after a solar flare outbreak, 
like that observed by other groups after the flare of 
February 23, 1956, was detected at Kiruna following 
the four solar eruptions that occurred in May and July, 
1959. On the contrary, a very constant signal level was 
recorded for several days after the flares; diurnal varia- 
tion was virtually absent in May and only slight in 
July. In particular, no minima were found at sunrise 
and sunset. That effect was strongest in the May period. 
It was already perceptible in the morning minimum of 
May 11, only a few hours after the flare outbreak (May 
10 at 2202 MET). A morning minimum occurred on 
May 12, but otherwise there was no appreciable di- 
urnal variation for the whole period May 11-17, which 
is the longest duration of any of the various solar flare 


effects observable on that occasion. The daytime signal ’ 


strength was some 10 to 15 per cent lower than during 
the rest of the month (Fig. 3), but that level was main- 
tained also at night. In the July period, the signal was 
some 20 per cent lower than normally by day. For this 
period a nocturnal decrease can be seen in Figs. 3 and 6, 
but it is much less than that for undisturbed summer 
conditions (Figs. 2 and 3). 

The solar flare effect described here has never been 
reported before, as far as we are aware. A possible ex- 
planation of the absence of diurnal variation in the May 
period is that the propagation occurred via an ionized 
layer not controlled by the sun.’ However, some solar 
control must be assumed to exist in any layer in or 
-below the lowest ionosphere, due to the occurrence of 
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the photo detachment reaction when the atmosphere is 
sunlit but not by night. The absence of diurnal varia- 
tion in May and the existence of a small ‘variation in 
July indicates that the electron density in the hypo- 
thetical layer was so high in May that even the lower 
night density—due to the lower elevation of the sun in 
the upper atmosphere around local midnight as com- 
pared to local noon—sufficed for total reflection; while 
in July, the minor nocturnal decrease of the electron 
density reduced the reflection coefficient slightly. It 
will be shown below that this hypothesis fits very well 
into the total picture of these solar flare effects. 


SOLAR FLARES PRODUCING POLAR Cap ABSORPTION 


The four flares referred to above are special not only 
because of their influence on the VLF propagation but 
also in several other respects. They belong to a category 
of flares which at high latitudes produce very heavy 
absorption of HF and VHF radio waves of very long 
duration, starting within a few hours after the solar 
flare outbreak and affecting both the day and the 
night side of the earth (so-called polar cap absorption). 

Such absorption was first reported after the solar 
eruption of February 23, 1956, by several ionospheric 
observatories located north of 60° geomagnetic latitude 
[35]. An important characteristic of the phenomenon 
is that it is not associated with any appreciable magnetic 
disturbance. The polar cap absorption and related phe- 
nomena have been studied most intensively at the 
Radio Physics Laboratory, Defence Research Board, 
Ottawa, Canada [31], at the Geophysical Institute, 
College, Alaska [26], [32], and at Kiruna Geophysical 
Observatory, Sweden [19]—[23]. 
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on “€S, ; jor radio bursts and of records of nine parameter ic hori 
component at Kiruna, the critical frequencies of F, at Uppsala, Lycksele, and Kiruna, 27.6-Mc cost noise coves peste tt if 
auroral reflections on 92.8-Mc at Kiruna, reception of 17.9-Mc transmissions from Alaska at Kiruna, the neutron monitor eotnmenent We 


cosmic radiation at Uppsala, and reception of 16-kc transmissions from Rugby at Kiruna. C=Instrument troubles. The arrows under 


“auroral reflections” indicate unusual receptions of dic E i ; 
Ubertragung, pp. 420-428; October, 1959.) sala ee aa ie ae Sa ak CES CERISE 
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From 1957 to date, some two dozen instances of polar 
cap absorption have been observed [32]. Continuous 
recording of the nondeviative ionospheric absorption at 
a frequency of 27.6 Mc—by means of a so-called Riome- 
ter [27]—was instituted at Kiruna Observatory in 
April, 1958, and during the 20 months of measurements 
eight definite polar cap events have occurred, on which 
some data are set forth in Table I. 


Oriner, Egeland, and Hultqvist: A New Sporadic Layer Progiding VLF Propagation 


625 


to a number density in the proton beam of the order of 
10~° per cm’, which means that the conditions for the 
pure St6érmer case of interaction between the proton 
beam and the earth’s magnetic field are well fulfilled. 
The great depth in the atmosphere at which the protons 
give off most of their energy accounts for the observed 
absence of geomagnetic effects of the ionization [23]. 
The simplest way to explain the very long duration of 


TABLE I 


PoLar Cap ABSORPTION EVENTS AND THEIR EFFECTS ON Uprer ATMOSPHERE PARAMETERS 
OBSERVED AT Kiruna (ALL Times In MET) 


' — Magnetic Storm Cosmic Rt 
Solar Fl] 7 : onospheric and SC Effect 
are Riometer Absorption Vedenat Salhi ay Propa- 
Date Absorption Decrease] gation 
Condition 
I B M End aie ; Approx pours Durat. | Approx. | Durat +I 
mp. eg. ax. : t . : ie urat. : F 
P 8 ss Cee es uly Start oe Hours | Start Hours ee = Der ce aS 
July 7, 1958 3+ | 0139 | 0203 | 0424 | 24N 09W | 0330 86 0800 73 8/7 _ 8/7 8/7 
0849 0900 1827- 
1934 
August 16 3+ | 0532 | 0539 | 0710 | 14S 53W | 0930 48 1400 42 17/8 _ 1 a 
0722 
August 22 3+ | 1517 | 1606 | 1817 | 21N O8W| 1730 74 1800 61 24/8 + — 
0240 
August 26 3 0105 | 0127 | 0224 | 20N 54W | 0300 65 0400 40 27/8 _ — 
03xx 
May 10,1959} 3+ | 2202 | 2248 | 0300 | 17N 50E | 2400 221 11/5 LOU Sa ley ss ae 11/5 — 
0230 0018 2100 
July 10 3+ | 0310 | 0340 | 0610 | 22N 70E | 0500 10/7? 11/7 oe 11/7 —_ 
; 0200 1723 1600 
July 14 3+ | 0442 | 0449 | 0534 | 16N 07E | 0800 3 270 15/7 no 15/7 15/7 
504. 0902 | change | 0900 2015- 
2235 
July 16 3+ | 2218 | 2225 | 0020 | 17N 30W | 2300 : 17/7 SE 17/7 18/7 
2215 | 2245 | 2330 1738 1700 2234- 
2301 


1 Cosmic ray meson telescope failures. 


2 Absorption due to auroral ionization accompanying geomagnetic disturbances being present already before the start of the solar flare. 
8 The absorption event had not finished, when the following solar flare occurred. 


Figs. 5 and 6 show records of a number of intercon- 
nected parameters taken at Kiruna Geophysical Ob- 
servatory in the periods May 10-16, and July 9-20, 
1959, respectively. It has been found that at Kiruna’s 
geomagnetic latitude the absorbing layer is situated 
very deep in the atmosphere, with its upper boundary 
at a height of about 50 km [23]. 

All of the characteristics mentioned can be accounted 
for by assuming that the effects are caused by protons 
emitted from the sun during the solar eruption and that 
most of the protons have energies close to the St6érmer 
energy for the latitude (97 mev at Kiruna). It can be 
shown that the necessary proton flux is a few thousand 
protons/cm?sec at Kiruna if reasonable values of the 
recombination coefficients are assumed, corresponding 


the absorption—several days—would be to assume that 
a great deal of the protons in the beam become trapped 
in the vicinity of the earth, then leak out to the upper 
atmosphere over the course of a few days. 

The assumption that protons of solar origin con- 
stitute the ionizing agent is supported by a few results 
of balloon measurements of protons at high latitudes 
during solar flare events producing polar cap absorption 


[S], [6], [28], [11]. 


IONIZATION SOUTH OF 60° GEOMAGNETIC LATITUDE 


All determinations hitherto made by means of ab- 
sorption measuring equipment indicate that the polar 
cap absorption is restricted to geomagnetic latitudes 
greater than approximately 60°. Rugby is situated, 
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however, at a geomagnetic latitude of 54.8°N, 2.e., far 
to the south of the layer producing appreciable absorp- 
tion. At least one, and probably more, reflections must 
occur south of the boundary of the absorbing layer de- 
termined from absorption measurements. This con- 
clusion is in conflict with the observed fact that no 
diurnal variation occurs while the absorbing layer is 
present. It will be shown here, however, that protons of 
a Stormer energy corresponding to the latitude of the 
transmitter can ionize the stratosphere sufficiently for 
reflection of VLF radiation without producing any 
measurable absorption. 

A simplified height distribution of the absorption pro- 
duced by Stormer energy protons has been calculated by 
Hultqvist and Ortner [23] for four different latitudes. 
The geomagnetic latitude nearest that of Rugby for 
which calculations have been made is 59.7°N. The 
calculations below refer to that latitude. The results 
differ only by some 10 or 20 per cent from those valid 
for Rugby’s latitude, and this is of no importance here 
since we are interested in orders of magnitude. 

For vertical radiation of 27.6 Mc at Kiruna’s latitude 
the absorption A, measured in db, can be written 


a=wf 
0 


0.459vN/No 
So Dn OU tye 


where 


N=N(h) is the electron density at height h, 
N,=electron density at the peak height, and 
y=collision frequency. 


In Fig. 7 of Hultqvist and Ortner [23], the integrand 
is given as a function of height for a proton energy of 
360 mev (Stérmer energy corresponding to the geo- 
magnetic latitude 59.7°N). Electrons of the energy 
stated have been found to penetrate to a height of 
approximately 18 km if they move vertically and the 
effect of the geomagnetic field is ignored. In the inves- 
tigation referred to above, the electron distribution 
produced by 360 mev protons was also calculated. Us- 
ing this distribution, the following expression for the 
absorption can be evaluated: A =4.2-10~* No. 

For 16-kc propagation in the lower parts of the 
atmosphere, where the collision frequency is greater 
than the critical frequency—a condition that is very 
well fulfilled in the present case—Ratcliffe [30] has 
estimated the electron density necessary for reflection at 
300 electrons per cm*. With this value for No, a total 
absorption of 0.13 db is obtained which is not even 
measurable with a Riometer. The No value can be in- 
creased to 2300 electrons/cm® without the absorption 
value exceeding 1 db at 27.6 Mc. 
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To maintain a peak electron density of 300 per cm*— 
constant height distribution being assumed—a proton 
flux of only some hundred protons per cm? per second 
is required, using reasonable values of recombination 
coefficients in the lowest ionosphere for the estimation. 
This is about 1/200 of the figure necessary for produc- 
tion of the observed absorption at Kiruna’s latitude. 
Such a proton flux is equivalent with a beam density of 
protons having the energy in question of the order of 
10-* protons/cm’. This figure refers to a small energy in- 
terval and the total density is certainly several orders 
of magnitude higher, but in any case the conditions re- 
quired for the existence of the pure Stérmer case seem 


‘to be fulfilled as the margins are very wide [19]. 


The values given are valid for a geomagnetic latitude 
of 59.7°. The necessary proton flux and density of the 
proton beam will be approximately the same for 54.8° 
(Rugby’s latitude) as can be seen from Fig. 8 of Hult- 
qvist and Ortner [23]. At 54.8° the height of the lower 
boundary of the layer will be about 10 km and the 
minimum proton energy some 850 mev for the simple 
dipole approximation and a very steep energy spectrum 
if the particles come in vertically and the influence of 
the spiralling is neglected. 


DISCUSSION 


It is evident from the foregoing that the described 
change in VLF propagation is a far more sensitive in- 
dicator of low-altitude ionization than are absorption 
measurements. 

It is interesting to note that the VLF propagation 
conditions are, on the average, better rather than worse 
during the existence of the heavily absorbing ionized 


layer, which interrupts radio communication over al- _ 


most the whole frequency range up into the VHF band. 

The VLF propagation conditions reported above 
lend further support to the whole picture of the effects 
caused by solar flare protons, as presented earlier. If, in 
the vicinity of Rugby, the anomalous VLF propagation 
is to exist without any appreciable absorption in the 
HF band, then the layer will have to be situated in the 
lower stratosphere. If the height of the point of gravity 
of the electron distribution were 55 km instead of, say, 
15-20 km, the absorption caused by the same amount of 
electrons would be a factor of 50 to 100 greater, which 
would mean an absorption of the order of 10 db at 27.6 
Me. 

All numerical values given above are based on the 
rough assumptions that the real lower energy limit of the 
protons entering a specific latitude is the Stérmer 
energy for an undisturbed dipole field, that the radiation 
is virtually monochromatic and that it enters the at- 
mosphere along vertical straight trajectories. Observa- 
tions indicate that disturbances of the geomagnetic field 
occur [28] which permit lower energy protons to reach 


heal 


wy = 


Pe eT Pe Tee Te ORD 
. 


ee 


’- bi 


LT ey oe Oe ee ree 


Seer Nee Te 


eee ee Nee NE ee NT ee 


vv ees ee 


1960 


the specific latitude. This certainly means that the real 
layers are situated somewhat higher in the atmosphere 
than was reported by Hultqvist and Ortner [23], al- 
though it will not influence the argumentation signif- 
icantly. It should be borne in mind that the balloon 
observations were made after the start of the magnetic 
storms, 7.e., after the arrival of the slow dense beams, 
which may have a profound effect on the cutoff en- 
ergies [33]. It seems highly improbable that similar 
effects could be caused by the high energy beams of 
extremely low density that produce polar cap absorp- 
tion. 

Balloon measurements during several of the excep- 


tional flares in Table I have shown steep energy spectra.. 


On August 22, 1958, Anderson, et al. [5], [6] found a 
spectrum of the form E~ in northern Canada. Ney, 
et al. [28] reported an exponent of —4.8 for the event 
of May 12 1959, observed at Minneapolis, and Brown 
and d’Arcy [11] found the corresponding value to be 
—4.5 in July, 1959, over College, Alaska. As mentioned 
earlier, the observations reported in this paper indicate 
that the proton flux at a geomagnetic latitude of 59.7° 
is 1/200 of the flux at Kiruna’s latitude (65.3°) or more. 
This means that the energy spectrum of the proton 
beam before its interaction with the earth’s magnetic 
field is less steep than has been observed at a place 
on the earth; the above-mentioned exponential spectra 
with exponents —5.0 and —4.5 would give correspond- 


_ing ratios of about 1/600 and 1/330, respectively, for 


the proton flux of Stérmer energy at the two latitudes. 
This conclusion seems plausible. 

_ An attractive feature of the total picture of solar 
flare effects of the type dealt with here is that the 
layer produced by the protons is very sharp (see Fig. 4 
of Hultqvist and Ortner [23]). Although the real layer 
is certainly not as distinct as that calculated by Hult- 


_- qvist and Ortner [23], the height gradient of the elec- 


tron density is probably very high, which is advan- 
tageous for VLF propagation. A possible explanation of 
the fact that propagation phenomena similar to the 
above were not reported in connection with the flare 
event of February 23, 1956, may be that the energy 
distribution of the incoming protons was such that the 
ionization produced reached down to the earth’s sur- 
face, with a slight or even negative height gradient. A 
substantial increase of the cosmic ray intensity at the 
earth’s surface was observed on that occasion but not 
in the summer of 1959. Available estimates of the 
energy spectrum after February 23, 1956 [36] do not 
support the hypothesis of a different type of spectrum 
at that time, but the maximal energy of the spectrum 
may:have been higher. Only more detailed measure- 
ments when similar phenomena occur in the future can 
solve the problem. 

Recording at a high-latitude station of the trans- 
missions from several VLF transmitters located at dif- 
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ferent geomagnetic latitudes may yield valuable in- 
formation as to how high up in energy the proton flux 
emitted by the special type of solar eruptions dealt 
with here exceeds some hundred 0.3 protons/cm?sec. 
This method of observing solar protons in an energy 
range not observable from the earth’s surface by means 
of particle detectors seems to be more sensitive than 
any other earth surface method. 
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CORRECTION 


J. R. Wait and A. M. Conda, whose paper, “Pattern 
of an Antenna on a Curved Lossy Surface,” appeared on 
pages 348-359 in the October, 1958, issue of these 
TRANSACTIONS, have informed the Editor of the follow- 
ing corrections. 

In column 2, p. 358, (2/x)' in (48) should read 
(Qisc)22, ertbttnm) in (51) should read e-“""™* land 
o—1/2+2rm and 3r/2—¢+27rm in (53) should read 
[6 —1/2+2rm| and [31/2—¢+27m], respectively. 
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Gain of Tchebycheff Arrays* 
ROBERT J. STEGEN}, SENIOR MEMBER, IRE 
Summary—Exact expressions have been developed for the gain lengths which m { 
ay b 

of a Tchebycheff array as a function of the number of elements and 2 eee cri 
the sidelobe level. M+1 2 

A set of curves is presented showing gain as a function of the ( ee if :) 
number of elements for various sidelobe levels. G k=1 ( 1) 


INTRODUCTION 


UCH has been written to analyze Tchebycheff 

| \ arrays.'* Practically no analyses, however, 
have been performed to show how their gain 
depends upon the number of elements or sidelobe level. 
Brown and Sharp! have computed a very compre- 
hensive set of tables on Tchebycheff arrays. These list 
beamwidths, gain, current distributions and power dis- 
tributions for linear broadside arrays of 3 to 40 iso- 
tropic elements and 0 thru 40 db sidelobe level. They 
also present an expression for the gain of a linear array 
having a spacing of an integral number of half wave- 


* Received by the PGAP, June 16, 1960. 

+ Canoga Div., Underwood Corp., Van Nuys, Calif. 

1C. L. Dolph, “A current distribution which optimizes the rela- 
tionship between beamwidth and sidelobe level,” Proc. IRE, vol. 
34, pp. 335-348; June, 1946. 

2D, Barbiere, “A method for calculating the current distribution 
of Tchebycheff arrays,” Proc. IRE, vol. 40, pp. 78-82; January, 


1952. 
3R. J. Stegen, “Excitation coefficients and beamwidths of 


Tchebycheff arrays,” Proc. IRE, vol. 41, pp. 1671-1674; November, 


1953. 
4... B. Brown and G. A. Sharp, “Tchebycheff Antenna Distribu- 


tion, Beamwidth and Gain Tables,” Naval Ordnance Lab., Corona, 
Calif., Rept. No. 383; February, 1958. 


M+1 


ny (Ti)? 


where J; =the current in the kth element from one end 
of the array, and M+1=the number of elements. 


EVALUATION OF NUMERATOR OF GAIN EXPRESSION 


The following expressions for the radiated field of a 
Tchebycheff array are obtained from Barbiere? or 
Stegen?: 


(M /2)+1 


Tu(Z)= >> Imcos2(m—1)u (2N +1 elements) (2) 
m=1 
and 
(M+1) /2 
TuwlZ) =" > I, cos Qm — 1)p, (2N elements) (8) 
m=1 


where the currents J, are numbered from the center of 
the array, the center current for 2V+1 elements being 
Da; 


(4) 


Z = Zo COS p, 
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and 
rd 
= — sin 0. (5) 
eee 


At the peak of the beam, 0=0 and therefore, »=0, 


Li =o 
(M/2)-+1 
Tutt Do in) (Ne aiclementsy (0) 
m=1 
and 
(M-+1) /2 
Tal) — DP) ln ~>(2N elements) (7) 
m=1 


It has been shown! that 
Ty(Z) = r = the main beam to sidelobe voltage ratio. (8) 


By inspection 


M+1 


S76 
b—2 


- (M/2)+1 


Pp OES 
m=1 


I 


(2N-+1elements) (9) 


(M+1) /2 


ULI D unt Oe 


m=1 


(2N elements) (10) 


Substituting (6)—-(8) into (9) and (10) results in the 
numerator of the gain expression (1) being 


M+1 2 
( Ds i) = Ay? 
k=1 


This expression is true independent of the number of 
elements in the array. 


(11) 


EVAULATION OF THE DENOMINATOR 
OF THE GAIN EXPRESSION 


Assume an even number (2) of elements. By modi- 
fying the current expression in Stegen*® we have 


N=1 


1 v 
on = 
=|" -+- BYE ee «(Za cos 3) 


where 


Then 


1 N-1 N-1 2 

alter ltal Del, 
N? ea cl 
where the terms to be summed are obvious, and are 
left out for brevity. 


Since there are two currents for each value of m, 
the sum of the squares of the currents is 


Lin? (13) 
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M+41 hi D N N-1 
S ye = Dont = [ve + ar D( ) 
hen m=1 N? m=1 s=1 
N N-1\2 
HE(EY] 
m=1 s=1 


The middle term in (14) contains the term 
zl sa(2m — oe 
C3. 
p 2N 


which is identically zero, and therefore, the middle term 
in (14) disappears. 
The third term of (14) may be written as 


N71 ca ye sa(2m — =| 
4 Poni Z — cos ———————_ 
E[Poa(2aem ae) Z| ay 


pes ST 
+ 8 yo Ton-1 (% cos ==) 


s=1 


(15) 


~m=1 


N-1 1. N 
x Se Teon_, (z: cos =) ey 
r=s+1 2N. 

sm(2m — 1) rm(2m — 1) 
‘COS == CUS sae oe ee 


16 
2N 2N a6) 


The second factor of the first term in (16) may be 
shown to have the value V/2. 

The summed cosine product of the last term of (16) 
is zero. This third term of (14) then becomes 


Ni sm \ 7? 
4 Ten_i1| Zo cos —— 
a3 “At i ( : mel 


Nea Sw 2 
= 2N S| Pa (2 cos =) “ (17) 


s=1 


Substituting (17) into (14), deleting the middle term 
and simplifying gives the following expression for the 
denominator of (1): 


-—|+ aay S[ tw (% cos =)'{\. (18) 


RESULTANT GAIN EXPRESSIONS 


M+1 


2 Cr 


Substituting (11) and (18) into (1) gives the gain of a 
linear Tchebycheff array of an even number of ele- 
ments as 


G 2 
= — ‘ (19) 


2 SNe 
1+ — ibs 3 i(z cos.) | 
2 os 2N- 0 oN 


A similar analysis for a Tchebycheff linear array of 
an odd number (2N+1) elements results i in the follow- 
ing expression for the gain: 


Neel 
G= - (20) 


Que Dn 2 
1+ 5d [Pozo cos 9) | 
a pA Veen yr act th 
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GENERAL GAIN ExpRESSION 


A general expression for the gain of an array of any 
number of elements (M-+1) is, therefore, 


M+1 
G= (21) 
fae 2 >| 7 s Sa i 
po u( vos) 
where 
W = N for 2N + 1 elements, 
and 


W = N — 1 for 2N elements. 


The calculation of the gain by this expression is as 
readily performed as the calculation of any one of the 
excitation coefficients of a Tchebycheff array. 


COMPARISON TO UNIFORM LINEAR ARRAY 


The gain of a linear array® of 2N isotropic point 
sources equispaced, equiphased, and having a uniform 
current distribution, can be written as 


1 
G= 22 
Ss; (22) 
sin 2m — 
Pe) ON m) 
—_ + — mM 
TRING a d 


where d=spacing of the point sources. 


5R. M. Foster, “Directive diagrams of antennas arrays,” Bell 
Sys. Tech, J., vol. 5, pp. 292-307; April, 1926. 
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For d=)/2 this expression reduces to 
Gy =r 2 (23) 


Eqs. (19)-(21), therefore, show that the gain of a 
Tchebycheff array is less than that of a uniform array 
by the factor shown in their denominators which is 
always greater than unity. 


GAIN CURVES 


A plot of the gain as a function of the number of 
elements for Tchebycheff arrays having various side- 
lobe levels is shown in Fig. 1. It should be noted that 
this graph may also be used to determine the optimum 
gain to sidelobe level criterion for a given number of 
elements. 


NUMBER OF ELEMENTS 


Fig. 1—Gain of \/2 spaced linear arrays as a 
function of sidelobe level. 
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Comment on “Maximum Angular Accuracy of Tracking a Radio 
Star by Lobe Comparison’’* 


NICHOLAS GEORGE} 


HAVE READ the above timely paper by Manasse* 
if with interest. It seems to me worthwhile to point 

out an important consequence of his equation for 
the optimum angular accuracy, 


r ¢ st ae 


6 =) 
EP PIT W. 


(29) 

While there is some discussion of the case for which 
P,/P,>1, a case of more practical interest is that for 
which P;/P, <1.2 Furthermore, it is interesting to con- 
sider the frequency dependence of the flux from these 
weak sources. For nonthermal sources of cosmic radio 
waves, it is well known that the flux density of power 
displays an inverse power law; 1.¢., 


100) 10*\" 
BSS otk oe ; (1) 


where 
A =effective area of the receiving aperture, 
f=operating frequency in cps, 
I,9=intensity of the source in watts/m?(cps) at 100 


Mc, 
P,=signal power received from the source in 
watts/cps, 


P,,=noise power in watts/cps. 


Whitfield? has gathered data from several independent 


* Received by the PGAP, May 19, 1960. 

{ Elec. Engrg. Dept., California Inst. Tech., Pasadena, Calif. 

1R. Manasse, “Maximum angular accuracy of tracking a radio 
star by lobe comparison,” IRE TRANS. ON ANTENNAS AND PROPAGA- 
TION, vol. AP-8, pp. 50-56; January, 1960. 

2.N. George, “Fundamental Limitation in the Pointing Accuracy 
of a Radio Telescope,” Hughes Res. Labs., Malibu, Calif., SR 2, 
AF19(604)-5725; April, 1960. 

3G, R. Whitfield, “The spectra of radio stars,” Monthly Not. Roy. 
Astron. Soc., vol. 117, pp. 680-691; 1957. 


observers and he presents plots of flux density vs 
frequency for several sources. He reports that a good 
compromise fit is obtained with this simple power law 
using the value 4=0.8. However, departures do exist; 
the mean spectrum is steeper for extragalactic sources 
(1.05) than for galactic ones (0.74), while that of some 
unidentified sources is steeper still (1.21). For this 
range in u, it is seen by (29) and (1) that the angular 
pointing accuracy is nearly independent of the fre- 
quency, 1.é., 


Cha 
10%f'-“T,,Ado/2TW 


(2) 


oo = 


and for »=0.8 and c=3X108 meters per second, this 
reduces to 


120/,, 


69 = ——— * (3) 
f°?" TeAdsww2lw 


From (3) it is clear that the angular pointing ac- 
curacy, for the case of the weak, nonthermal source, 
is determined mainly by the background noise P,, the 
size of the aperture as characterized by the product 
term Ado, the observation time 7, the bandwidth W, 
and the intensity of the source (normalized to 100 
Mc). Since the pointing accuracy is nearly independent 
of the frequency, varying only as 1/f°?, one is able to 
select an operating frequency based mainly on factors 
other than the desired angular accuracy, e.g., the con- 
venience of implementation, the sensitivity of P, with 
frequency, etc. 

The author is pleased to acknowledge a helpful dis- 
cussion on this subject with G. J. Stanley of the Cali- 
fornia Institute of Technology. 
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Some Remarks on “Diffraction of Scalar 
Waves by a Circular Aperture”* 


ALBERT E. HEINSt+ 


earlier work upon which this paper is based is to 


be put in proper perspective. These authors 
state: 


licen above paper! requires some comment, if the 


: Our integral equations are most closely related to one first ob- 
tained by D. S. Jones. Although the general form of our inhomo- 
geneous term is simpler, the kernels have fundamentally the same 
form. Mainly because of the simple form of the initial integral repre- 
sentations, our derivations of the Fredholm equations are shorter 
and more elementary than those of the authors mentioned above. In 
each of our representations, the field is related to the solution of the 
associated Fredholm equation by means of a single integral, and the 
derivation of the Fredholm equation involves only the inversion of a 
single convolution of the solution. In the work of Jones and of 
MacCamy and Heins, for example, double integrals replace the single 
integrals and successive convolutions replace the single convolu- 
IONS sans -< 

It is true that our approach depends essentially on guessing the 
proper form of the solution, whereas the several approaches men- 
tioned above employ relatively familiar points of departure. It is our 
belief that the transparent nature of the representations and the 
elementary character of the subsequent analysis more than make up 
for this seeming defect... . 


The situation is the following. In 1955, Jones? 
started with a Helmholtz representation and converted 
the angular integration into an integration of the con- 
-volution type with the aid of a number of integral 
identities involving Bessel functions. As a result of this 
fact, Jones produced the Fredholm integral equation 
which corresponds to Neumann boundary conditions on 
the disk. This derivation of Jones was long and required 
two convolutions, as Bazer and Brown state, but the 
fact remains that the paper of Jones indicated the 
integral equations and the representations some five 
years’ before Bazer and Brown. 

In 1958, MacCamy and Heins,’ noting the effort of 
Jones to get these basic facts, re-examined the deriva- 
tion and observed that there is a representation which 
goes back to Poisson.‘ It states that an axially sym- 
metric solution of the wave equation is known once it is 
known on the axis and is sufficiently regular (a fact 
which is true for the plane wave problems treated by 
Jones, MacCamy and Heins, and Bazer and Brown). 


* Received by the PGAP, June 10, 1960. ie 

+ Dept. of Math. and Rad. Lab., University of Michigan, Ann 
Arbor, Mich. 

1 J. Bazer and A. Brown, IRE TRANs. ON ANTENNAS AND PRopa- 
GATION, vol. AP-7, pp. $12-S20; December, 1959. , } 

2D. S. Jones, “A New Method for Calculating Scattering with 
Particular Reference to the Circular Disk,” Electromagnetic Res. 
Div., Inst. for Math. Sciences, New York University, N. Y., Res. 
Rept. EM-87; 1955. Also, Commun. Pure Appl. Math., vol. 9, p. 713; 
ay C. MacCamy and A. E. Heins, “Axially Symmetric Solutions 
of Elliptic Differential Equations,” Carnegie Inst. of Tech., Pitts- 
burgh, Pa., Tech. Rept. No. 41, Ord. Contract No. DA-36-061- 
ORD-490; November, 1958. A revised version is to appear in Zs 

. Math. u. Phys. 

Eee D. Poisson, fi de l’Ecole Royal Polytechnique, vol. 12, ch. 19, 


- pp. 215-248; 1823. 


With this representation of Poisson and the analytic 
continuation of the Helmholtz representation into the 
domain of complex variables, the representation which 
Bazer and Brown assumed can now be derived directly. 
The Fredholm integral may be derived by one con- 
volution, and does not require successive ones, as Bazer 
and Brown state. Having accounted for the representa- 
tion and its brief history, we may question the con- 
tribution made by this paper. The solution of such in- 
tegral equations was discussed in detail by Jones, and 
is indeed a standard method in the theory of regular 
Fredholm integral equations. 


Reply to A. E. Heins’ Remarks® 


‘We are pleased to learn that our integral representa- 
tions can now be derived from the Helmholtz repre- 
sentation, and we look forward to reading the forth- 
coming revision of the report by MacCamy and Heins,3 
where the derivation will presumably be given. 

We were fully cognizant of Jones’ contribution,” as 
the passage from our article quoted by Heins already 
clearly shows. Here, it should be noted that we treated 
both the first and the second boundary-value problems, 
whereas Jones treated only the Neumann problem for 
the disk. 

In the passage from our paper quoted by Heins, we 
used the expression “Fredholm equation,” not Heins’ 
expression “Fredholm integral.” Surely, he will agree 
that the inhomogeneous term No! Mg! in his Fred- 
holm integral equation (5.15)* involves not one, but 
two convolutions applied to the aperture field. 

Finally, we should stress that we have regarded the 
integral equations not as ends in themselves, but as 
tools which, together with our integral representations, 
could be employed to derive both new and old results 
in a simple and direct manner. For example, in the 
second boundary-value for the screen, for all values of 
ka (k and a are the wave number and aperture radius, 
respectively) we were able to obtain the form of the 
edge behavior and give a simple proof of the unique 
existence of the solution. In addition, we were able, 
with relatively little effort, to carry out the calculation 
for the aperture field and the far field amplitude to 
terms of order (ka). These results are more accurate 
than any that have appeared in the literature. Similar 


remarks apply to the first boundary-value problem. 
J. BAZER 


A. BROWN 
Inst. of Math. Sciences 
New York University, N.Y. 


5 Received by the PGAP, June 25, 1960. 


634 


IRE TRAN SAG ON ANTENNAS AND PROPAGATION 


A Concise Formulation of Huygens’ Principle ey the 
Electromagnetic Field* 


CHEN TO TAIT, SENIOR MEMBER, IRE 


fact that Huygens’ principle for the electro- 
magnetic field can be stated in a concise mathe- 
matical form by using the unified electromagnetic field 
vector, together with the dyadic Green’s function. 
We consider the Maxwellian equations for a har- 
monically oscillating field defined in a homogeneous and 
isotropic medium, 1.¢., 


T | HIS communication is to direct attention to the 


— 
VX E = iowH (1) 
=> lO = 
VX H= J — iweE. (2) 


Following Bateman! and Itoh,? we introduce the unified 
electromagnetic field vector defined by 


> SO = 
F=E+TH (3) 


where 


T= + t(p/e)'!? = thy. (4) 


The ambiguity sign +1, denoted by h, will be used asa 
separation operator similar to ./—1 or 7 in complex 
number theory. We adopt the rule that #?=1. By mul- 
tiplying (2) by I’ and adding it to (1) we obtain 


=> => — 
VX F=«cF4+TJ (5) 


where 


kK = — wel = hk 


(6) 


with k=wen=2n/d. Eqs. (1) and (2) can be recovered 
from (5) by separating the parts with and without h. 
A function, such as 


f= 9A bb, (7) 


therefore plays a similar role as the function u+7v in 
complex variable theory. For convenience, we shall call 
A of (7) the transversal part, and B the longitudinal 
part. 

To integrate (5), we first take the curl of that equa- 
tion that yields 


— > => 
VX VX F— BF =f (8) 


* Received by the PGAP, June 13, 1960. A more detailed ex- 
position of the subject is contained in an article written in Portu- 
guese, to be published by the Brazilian Academy of Sciences. 

eee Tecnolégico de Aerondutica, Sao José dos Campos, 
Brazil. 

1H, Bateman, “Electrical and Optical Wave Motion,” Dover 
Publications, Inc., New York, N. Y.; 1955. 

2M. Itoh, “The unified electromagnetic equation and its proper- 
ties in curvilinear coordinate systems,” Rev. Matemat. Fis. Teor. 
(Tucuman, Argentina), pp. 85-106; 1959. 


where 


Fe Tay Ewes (9) 


We introduce now the free-space dyadic Green’s func-— 


tion® defined by 


FEN bye exp ik| r — r’ 
G.-1(r, Sw), (10) 
1 R? |r—r'| 
which satisfies the equation 
VX VX Go — 2G = 18(r| 7’), (11) 


where I denotes the unit dyadic, and 6(r/r’) the three 
dimensional delta function. Applying now the vector 
Green’s identity‘ to (8) and (11), we obtain 


F(r) -Sff FGav + FP Ex) 


Cv OX Go ==) Gods. (12) 
> 
For the case that f does not exist inside V, (12) reduces 
to 


Fe) = ff & x AVX Got cGds. (13) 


Eq. (13).represents perhaps the most compact expres- 
sion in describing Huygens’ principle as applied to a 
harmonically oscillating electromagnetic field. By tak- 
ing the transversal part and the longitudinal part of 
(13), one obtains, respectively, the expressions of E (r) 
and H (r) derivable by the conventional method. The 


formulation described here, of course, does not yield — 
any new information about the Huygens’ principle. It— 
merely assembles our known knowledge in a more con- — 


cise form. It is obvious that the technique outlined here 
can readily be extended to problems involving dyadic 
Green’s functions which satisfy certain specific bound- 
ary conditions, such as the vector Dirichelet and the 
vector Neumann conditions? 


*H. Levine and J. Schwinger, “On the theory of electromagnetic 
wave diffraction by an aperture in an infinite plane conducting 
plane,” Commun. Pure and Appl. Math., vol. 3, pp. 355-391; Decem- 
ber, 1955. 

4 J. A. Stratton, “Electromagnetic Theory,” McGraw-Hill Book 
Co., Inc., New York, N. Y., pp. 464-470; 1941. 

Cole Tai, “A Glossary of Dyadic Green’s Functions,” 


Stanford 
Res. Inst., Menlo Park, Calif., Tech. Rept. No. 46; 1954. 
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Gain of Large Scanned Arrays* 
M. J. KING} ann R. K. THOMAS, sENIOR MEMBER, IRE 


ARGE electrically scanned arrays have recently 
become the subject of considerable interest in 
connection with various proposed applications. 

Evaluation of the system performance involves the 
variation of gain with scan angle, and this has generally 
been assumed to follow a sinusoidal law in accordance 
with the projected area of the aperture in the scan di- 
rection. A verification of this relationship has been es- 
tablished on the basis of the conventional expression 
for gain in terms of beamwidth.! This assumes that the 
variations in sidelobe power distribution will not pro- 
duce a significant effect. The purpose of the following 
analysis is to remove the necessity for this assumption, 
and to arrive at a derivation for the gain expression 
which permits calculation of the limiting case of a 90° 
scan. According to the projected aperture relationship, 
_ the gain would be zero for this case which is, of course, 
not true. 

The analysis, for simplicity, will be confined to the 
case of an aperture having equal amplitude isotropic 
elements located at half wave spacing. The well-known 
field expression arising from this model is 


Fig. 1—Coordinate system. 


The integration is confined to one hemisphere since the 
aperture is considered to radiate from one side only. 


sin uw sin» 
T~ . 


bee u ab (1) With no loss in generality the scan may be confined 
to the plane ¢=0, thus simplifying the expression for 2. 
where The integral may be written as 
“= = (cos 6 — cos 60), (2) ee fro be (OV hs 
0 u 
br ; 
v= ea (sin 6 sin @ — sin 4 sin go). et rece a 
T 7 1 2 
The array is taken to lie in the x, y plane of the co- F(6) = if i (A sin *) q 
ordinate system shown in Fig. 1, and has dimensions eT k sin 
b, a along the corresponding axes. Zero scan angle iP sin (k sin 6)? 
coincides with the zg axis, or ¢o=0, 8)=90°. The gain a 2f je | dé, 
expression is 0 sin 
v=ksin ¢, 
dor 
G=—; (4) ie 
fs k = — sin 0 


_ where 


72 @*/sinu\?/sin v\? We wish to examine the behavior of D where the 
D =A i ( )( ) sin dd6d9. wavelength \ is small compared to the dimensions a 
—7/2 0 


oe : and b. Let us assume that b/A>>1, and for the present 
place the restriction 640. For 640, 


* Received by the PGAP, June 16, 1960. 


: icati i i Md. . : 2 
tronic Communications, Inc., Timonium, ; sin (& sin ¢) 
My Bickmore “A note on the effective aperture of eecvece ty. sin (& sin $) Zt 
scanned arrays,” IRE TRANS. ON ANTENNAS AND PROPAGATION, vol. Rsin 


AP-6, pp. 194-196; April, 1958. 
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and at ¢=0 


E (Rk sin =] 
k sin 


The major contribution to the integral F(6) occurs 
then for small ¢, or 


7/2 Tsin ko |? vg r 
F(@) =2 —— |d¢=—= ; 6 
@) i [ | k b sin 6 (6) 


Substituting this expression into (5), we may remove 
the restriction 640 because the sin @ appearing in the 
numerator of the integrand will cancel the sin 6 in the 
denominator of F(@), even as 6-0. D may now be 
written as follows: 


oN ™ Tsin uw |? 
~ f | do 
b 0 U 


. her 
sin E (cos 8 — cos a | 


D 


lle 


II 

| 
QQ 
D> 
a 
~I 
~~ 


b 0 an 
“ (cos 8 — cos 4) 


Assuming a/A>>1, if 640, 


i an 
sin E (cos @ — cos 0 | 


= <1 
ar 
— (cos 6 — cos 69) 
r 
but at 0=0, 
Hh es an z 
sin E (cos @ — cos 0) | 
= 1. 


ar 
— (cos 6 — cos 6) 
r 
Therefore, the major contributions to this integral will 
be in the neighborhood of 6. For @—@)<1, 
[cos 86 — cos 0] = — 2 sin } (6-+6y) sin $(8—6») 
= — (9 — Oo)sin $(0 + 4). (8) 


If 8) is not too small the further approximation is made 
that 


[cos @ — cos | & — (6 — >) sin 0. 


Using this expression, (7) becomes 


9 


an cs 
sin E (0 roy 60) sin | 
eae do. (9) 


ar ‘ 
5 (8 — 80) sin 05 
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With a change invariable, r=am/A(8—4) sin 4, (9) is 
2 am/d sin 60 (m—60) sin Y 2 
jae 
abr Sin 897 —ar/r 89 sin 0% Yr 

Ne 


ab sin 6 


IIe 


IIe 


(10) 


The expression for the gain then, for # not too small, 
becomes 


4rab sin 69 
NZ 


G 


IIe 


(11) 


in agreement with the well-known relationship for the 
case 0)=90°. 

As 6,20, this expression is no longer valid due to the 
nature of the approximation in (8). In order to consider 
the limiting case, we write D as follows: 


i |e aye ook’ a) | 
sin a a) si ee) 


If @)=0, the major contributions to the integral will be 


for 61, or 
: an 2 
sin (= @? 
2r 
62 


D 


Il2 


dé. 


~ [* 
b Jo 


Changing the variable of integration to w=am/2)6?, we 
may write 


ar 


2d 


px 2 he (= =) oe 
b 2am J 9 w /w 
i 2/2 v3? 
3 atl? a 
Thus the gain at 6) =0 is approximately 
b . /26@ Dae 
Go = 3x —A/ — = 13.3 —4/~ : (14) 
d nN nN d 


In computing gain for large scan angles (@) near zero), 
(11) is not valid when it produces a value lower than 
that given by the limiting case as expressed by (14). 
Equating the two expressions 


Arab sin 60 b 2a 


= Tr — —) 


Ae r r 


it is seen that (11) should not be used for values of 4 less 
than that defined by 


aS 
0) = sin 4) = 1.064/—~ : 
a 
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Second-Mode Operation of the Spiral Antenna* 
JOHN R. DONNELLAN}+ 


HE operation of the two-wire Archimedean spiral 
in the second mode (i.e., the input terminals are 
fed in phase rather than 180° out of phase) has 
been described in a previous paper.! Currents start out 


nector is attached at the center, the inner conductor 
being connected to the strip and the outer conductor 
being connected to the group plane underneath. This 
microstrip line suppresses any radiation which would 


in phase at the center of the spiral (but radiation is 
suppressed here by a microstrip line) and proceed . 
outward along the spiral arms until—at a circumference 
of two wavelengths (diameter = 2\/7)—the currents are 
again in phase and radiation occurs. This two-wave- 
length ring produces a null directly on-axis and an 
essentially omnidirectional pattern in the plane of the 
spiral (horizontal polarization). 

Fig. 1 shows the front and rear views of such a spiral 
antenna which has been constructed. A type N con- 


occur due to the in-phase condition at the input ter- 
minals and is continued out until the currents approach 
an anti-phase condition. The diameter of the spiral is 
six inches and the diameter of the ground plane is 
three inches. The experimental work was carried out at 
a frequency of 1300 Mc (A=9”, 2\/r=6"), so that the 
radiation from the two-wavelength ring occurs at the 
outer portion of the spiral. 

In Fig., 2 this antenna is shown fed by a coaxial 
cable. The solid curve of Fig. 3 shows the omnidirec- 
tional nature (within +1 db) of the pattern in the 
plane of the spiral, while the dashed curve shows the 
predicted null on-axis. 


* Received by the PGAP, July 1, 1960. 

t Microwave Antennas and Components Branch, Electronics 
Div., U. S. Naval Res. Lab., Washington 25, D. C. 

1J. A. Kaiser, “The Archimedean two-wire spiral antenna,” IRE 
TRANS. ON ANTENNAS AND PROPAGATION, vol. AP-8, pp. 312-323; 
May, 1960. 


Fig. 1—Front and rear views of second-mode 


Archimedean spiral antenna. Fig. 2—Second mode spiral fed at 1300 mc. 
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